Mathematica 11.3 Integration Test Results

on the problems in the test-suite directory "6 Hyperbolic functions\6.6
Hyperbolic cosecant”

Test results for the 29 problemsin "6.6.1 (ctd x)*m (a+b csch)*n.m

Problem 3: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(c+dx) Csch[a+bx] dx

Optimal (type 4, 50leaves, 5 steps):
2 (c+dx) ArcTanh[e*®X]  dPolylog[2, -e*®*] dPolylLog|[2, e®PX]

+

b b2 b2

Result (type 4, 174 leaves):

c Log[Cosh[2 4+ &X cLog[sinh[2 4+ BX
~ [ [2 z]]+ [ [2 2H+id _aLog[Tanh[l(a+bX>H—
b b b? 2
i((ia+ibx) (Log[1-e® @b ] _Log[1+e! (1@ 10X ]) 1 (Polylog[2, -e* (*2"20X) | _polylog[2, e (210X ]))

Problem 6: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(c+dx)2Csch[a+bx]2dlx

Optimal (type 4, 74 leaves, 5steps):

(c+dx)® (c+dx)*Cothla+bx] 2d(c+dx)Log[1-e?@®X ]| d2Polylog|2, e (@b ]
b b i b2 : b

Result (type 4, 277 leaves):
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2cdCschla] (—beosh[a} + Log[Cosh[bx] Sinh[a] + Cosh[a] Sinh[b x]] Sinh[a])

+
b? (-Cosh[a]?+Sinh[a]?)

Cschla] Csch[a+bx] (c2Sinh[bx] +2cdxSinh[bx] +d*x?Sinh[bx])
b

+

1
d’>Csch[a] Sech[a] |-b? e ArcTanh(Tanhlal] 2, — =4 (~bx (-sn+2iArcTanh[Tanh[a]]) - 7 Log[1+e®"*] -

1-Tanh[a]?
2 (ibx+iArcTanh[Tanh[a]]) Log[1 - e?* (1Px+iArcTanh(Tanhal]) |, ;| og[Cosh[bx]] +2 i ArcTanh[Tanh[a]]

Log[i Sinh[bx +ArcTanh[Tanh[a]]]] + i Polylog[2, e?* (ibx+iArcTanh(Tanh(all) 1) Tanh[a] / (b3\/5ech[a]2 (Cosh[a]?-sinh[a]?) )

Problem 10: Result more than twice size of optimal antiderivative.
J(c+dx)2Csch[a+bx]3d1x

Optimal (type 4, 154 leaves, 9steps):
(c+dx)2Ar‘cTanh[ea*bX} d2 ArcTanh[Cosh[a+bx]] d (c+dx) Csch[a+bx] (c+dx)2Coth[a+bx] Cschla+bx]

- - +

b b3 b2 2b
d (c+dx) Polylog[2, -e*®*] d (c+dx) Polylog[2, e®*] d?PolylLog|3, -e>*| d?Polylog|3, e**°X|
b2 ) b2 ) b3 : b3

Result (type 4, 420 leaves):
d (c+dx) Cschla] . (-e?-2cdx-d?x?) CSChE*bTX]Z .

b2 8b

% (-b®c®Log[1-e®P*] +2d” Log[1-e®"*| -2b*cdxLog[1-e®®*| -b?d>x*Log[1-e®*] +
2b

b%c? Log[1+e®PX] -2d? Log[1+e™"*| +2b%cdx Log[1+e™®*] +b?d?x? Log[1+e™®*] +
2bd (c+dx) Polylog[2, -e®®*| -2bd (c+dx) PolylLog[2, e****| - 2d? PolyLog|3, -e®°*| + 2d? PolyLog|[3, e***]) +

(-c2-2cdx-d?x?) Sech[§+t’2—"]2 ) Csch[g] Csch[§+ bTX} (cdSinh[bTX} +d2xSinh{b7X”

+

8b 2 b?

sech[2] sech[ 2+ ®X] (cdsinh[®X] + d?x Sinh[2*])

2 b?
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Problem 11: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J(c+dx) Csch[a+bx]3dx
Optimal (type 4, 92 leaves, 6 steps):

(c+dx) ArcTanh|[e®®*| dCschla+bx] (c+dx)Cothla+bx]Cschla+bx] dPolylog[2, -e***]| dPolylog[2, e****]
_ _ N _
b 2 b2 2b 2 b2 2 b2

Result (type 4, 332leaves):

dszch[i+b—"]2 cCsch[l<a+bx)]2 clog[Cosh[Z (a+bx)]] clog[sinh[% (a+bx)]] 1
- 2 2 - 2 + 2 - 2 -——d|-a Log[Tanh[
8b 8b 2b 2b 2 b2

(a+0x]]] -

= N R

i((ia+ibx) (Log[l—e““*ibx)} -Log[1+e! “la”'lbx)]) +1 (PolyLog[Z, —et (1aib) ] _polylog|2, e““*jbx)])

deech[ier?x]z cSech[i(aerx)]2 dCsch[i]Csch[ierTX]Sinh[b?X] dSech[%]Sech[%er?x]sinh[b?"]

- + +

8b 8b 4 b? 4 b?

Problem 17: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(e+fx)3Cosh[c+dx]
J dx
a+bCschic+dx]

Optimal (type 4, 448 leaves, 17 steps):

c+dx

b(e+fx)>Log[l+ ===
b(e+1°x)4 6 f3 Cosh[c +dx] 3-F(e+fx>2Cosh[c+dx1 (e Fx) g +b,\/ﬂ]
4a%f ad* ad? a’d
b (e+fx)’Log[1+ =="—] 3bf (e+fx)’Polylog[2, -—="—] 3bf (e+fx)’Polylog[2, - =<
(e Fx] [2+ b+m] (e+Fx] (2. b/ a?+b? ) (&) 2 b/ a2 b? )
B - +
a%d a2 d? a2 42
6bf2 (e+fx)Polylog[3, - 2" 6bf2 (e+fx) Polylog[3, - 2] 6bfPolyLog|4, - 22—
( i ) Y g[ b*\/ﬁ] ( : ) Y g[ b+\/m} Y g{ b,/aZerz:I
a2 d3 " a2 d3 - a2 g4 -

6bf3 PolyLog[4, L 3
b/ a2:b2 6 2 (e+fx> Sinh[c +d x] (e+-Fx) Sinh[c +d x]
+ +
a2 d* ad? ad

Result (type 4, 1635 leaves):
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2c+dXx

1 ae

ef?Csch[c+dx] |-12bdxPolyLog|2, - | -12bdxPolylog|2, -
2a2d* (a+bCschlc+dx]) bec -/ (a?+b2) e3¢ bec+ /(a2 +b?) e2°

e |2bd?e‘x®-6aCosh[dx] +6ae’ Cosh[dx] -6adxCosh[dx] -6ade®cxCosh[dx] -3ad?x?Cosh[dx] +

a eZC+dX a e2c+dx
3ad?e?“x?Cosh[dx] -6bd? e x* Log[1+ | -6bd? e x* Log |1 + ]+
bec- (a2+b2) e%¢ be+ (az+b2> e?¢
anC+dX anCH:lX
12b e Polylog|3, - | +12b e PolyLog[3, - | +6asinh[dx] +6ae’“Sinh[dx] +
bec- <a2+b2) e%¢ be+ (a2+b2> e?¢

6adxSinh[dx] -6ade’“xSinh[dx] +3ad*x*Sinh[dx] +3ad? e’ x*Sinh[dx] || (b+aSinh[c+dx]) +

2c+dx

1 ae

f2Csch{c+dx] |-12bd? x? Polylog|2, -
4a*d* (a+bCsch[c+dx]) bec -/ (a?+b?) e3¢

|+

e |bd*e‘x*-12aCosh[dx] -12ae?“Cosh[dx] -12adxCosh[dx] +12ade?°x Cosh[dx] - 6ad?x?Cosh[dx] -6ad?e?®x?Cosh[dx] -

a @2 c+dx a @2c+dx
2ad®x’Cosh[dx] +2ad® e’ x?>Cosh[dx] -4bd’ e x> Log |1 + | -4bd® e x® Log |1+ ] -
bet -,/ (a%+b?) €€ be+./ (a%+b?) €€
a e2¢c+dx a e2c+dx
12b d? e x* Polylog|2, - | +24bde xPolylog|3, - |+
be+./ (a%+b?) € bet -/ (a%+b?) ¢
a e2crdx a e2c+dx
24bd e xPolylLog|3, - | -24bePolyLog|a, - ] -
be+ (a2+b2) e?¢ be- (a2+b2) e
a @2 c+dx

24b e Polylog[4, -

| +12asinh[dx] -12ae?“Sinh[dx] +12adxSinh[dx] +12ade?“ xSinh[dx] +
bec ./ (a?+b?) e3¢

6ad?x*Sinh[dx] -6ad®e*“ x*Sinh[dx] +2ad’>x*>Sinh[dx] +2ad’ e’ x>Sinh[dx] || (b+aSinh[c+dx]) +

e*Cschc+dx] (b+asSinh[c+dx]) (—Zb“’mb*afz”h“*dx” + 251"“2*“”) 1
a a

+

2 (a+bCschlc+dx]) a?d? (a+bCschc+dx])



e2

.F
Cschc+dx]
(b+asinh[c+dx])

~aCosh[c+dx] -b (c+dx) Log[b+aSinh[c+dx]] +bclog(l+

toE)

. 1 . 2 . .
ib|-—1 (2c+17r+2dx) -4 1 ArcSin

8
1 .
—|-21c+nm-21dx+4ArcSin
2
1 . . .
—|-21c+m-21dXx-4ArcSin
2

(b—m)e

toe)
L

c+d x

=-

Polylog|2,
a

Problem 18: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(e+fx)2Cosh[c+dx]
a+bCsch[c+dx]

dx

J

Optimal (type 4, 330leaves, 14 steps):

| +PolyLog|2,
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aSinh[c+dx]
b

|+

<J'1a+b) COt[le (2]'1C+H+21'1dx)]
ArcTan |

(~bo/a? b7 | ecox

] -

Log[lJr

- p(g_umdx)

Log[b+aSinh[c+dx]] +

(b+m) ecHdx

a

}] +adxSinh[c+dx]
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c+dx c+d x

b(e+fx)*Log[l+ 2==—=]| b (e+fx)’Log[l+ 2——] 2bf (e+fx)Polylog|[2, - —2——
b(e+-Fx)3 2'F(e+-Fx) Cosh[c +dx] (e+ X) og[ +b—\/az+b2} (e+ X> og[ +b+x/az+bz} (e+ X> oyog[ b—x/az+b2]

3a2f a d? a%d a%d a2 d?

c+dx

a ecrdx a ectdx

2bf (e+fx) Polylog|2, - 2bf2PolyLog|3, - 2b Polylog|3, - a ecrdx

b/ a2+b? b/ a2+b? b/ a24b2 2f2Sinh[c +dx] (e+fX)ZSinh[C +d x]
+

+
a2 d? a2 d3 a2 d? ad3 ad

Result (type 4, 971 leaves):

1 anC+dX anC+dX

2

f2Csch[c+dx] |-12bdxPolyLog|[2, - | -12bdxPolylog|2, - |+
6a’d® (a+bCsch[c+dx]) bec -/ (a?+b?) e2° bec + [ (a2 + b?) e2¢

e |2bd®e“x*-6aCosh[dx] +6ae®“Cosh[dx] -6adxCosh[dx] -6ade?®xCosh[dx] -3ad?x?Cosh[dx] +

a <e2C+dX a eZC+dX
3ad?e?“x?Cosh[dx] -6bd? e x* Log|[1 + | -6bd?e“x? Log[1+ |+
b e - (az+b2> e?¢ b e + (a2+b2> e%¢
anc+dx anC+dX
. 2C .
12b e Polylog|3, - | +12b e PolyLog|3, - | +6asSinh[dx] +6ae’“Sinh[dx] +
bec- <a2+b2) e?¢ be+ (a2+b2) e?¢

6adxSinh[dx] -6ade’“xSinh[dx] +3ad*x*Sinh[dx] +3ad?e’“x*Sinh[dx] || (b+aSinh[c+dx]) +

ez CSCh[CerX] (b+aSinh[c+dx}) (7 2bLog[b+a§inh[c+dxH i 2Sinh[c+d x] ) 1
a’d ad +

2 (a+bCsch[c+dx]) a?d? (a+bCsch[c+dx])
2efCschlc+dx] (b+aSinh[c+dx])

aSinh[c+dx]

-aCosh[c+dx] -b (c+dx) Log[b+aSinh[c+dx]] +bclog(l+
b

} +

ib
1 1+l? <]la+b>Cot[l(2]lc+ﬂ+21'LdX)]
ib ——Ji(2c+jﬂ+2dx)2—4iArcSin[7}Ar‘cTan[ 4 ] -

8 N NP
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ib

1 N (~b+ VAT b7 ) ecdx
~|-2ic+n-2idx+4ArcSin[———]| Log[1+ ] -
2 V2 a

141t
. NERD o Voo b | esix
~|-2ic+n-2idx-4ArcSin[———]| Log[1- }+(*—J’1(c+dx))Log[b+aSinh[c+dx}]+
2 V2 a 2

i

(b—m> ecrdx (b+\m) ecrdx
] +PolyLog[2,

a a

PolyLog [2,

}J +adxSinh[c+dx]

Problem 19: Result unnecessarily involves imaginary or complex numbers.

(e+fx) Cosh[c+dx]
J dx

a+bCsch[c+dx]

Optimal (type 4, 212 leaves, 11 steps):

2 b (e+fx)Log[l+ 2] b (e+fx) Log[1+ 2]
b(e+fx)® fcCosh[c+dx] bfaab W
ZaZ'F adz azd aZd
b f PolylLog|2, - —2e~ bfPolvlog 2. . _2e"®
oly Og[ ) b,\/ahibz} oly Og[ b b+\/az+7b2} <e+'FX> Sinh[c.;.dx}
- +
a2 d? a2 d2 ad

Result (type 4, 401 leaves):
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1
a?d* (a+bCsch[c+dx])

141k

Cschc+dx] (b+aSinh[c+dx]) de(bLog[b+aSinh[c+dx}]—aSinh[c+dx])+l1c —b(2c+iﬂ+2dx)2—32bArcSin{?]Ar‘cTan[

8 2

[1 . ib
(ia+b) Cot[l(21c+n+2j1dx)] 1+7 (—b+\/a2+b2)ec+dx

4 | +8aCosh[c+dx] +4b |2c+in+2dx+41iArcSin[———]| Log[1+ |+

\a?+b?2 V2 a

141k
N a (b+m) ecrdx
4b|2c+in+2dx-4iArcSin[—————]| Log[1- | -4ibrlog[b+aSinh[c+dx]] -

aSinh[c+dx]
b

(b—m) ecrdx (b+m) ecrdx
| +PolyLog|2,

a a

8bclog|l+ | +8b |PolyLog|2, || -8adxsSinh[c+dx]

Problem 21: Attempted integration timed out after 120 seconds.

Cosh[c +dx] dx
J(e-%-'FX) (a+bCschlc+dx])
Optimal (type 9, 34 leaves, 1 step):

Cosh[c+dx] Sinh[c +dXx]
(e+fx) (b+asSinh[c+dx]) ’

Unintegrable|

Result (type 1, 1leaves):
22?
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Problem 22: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(e+fx>3Cosh[c+dx]2
dx

a+bCschc+dx]

Optimal (type 4, 696 leaves, 24 steps):
3efZx 3f3x2 (e+-Fx)4 b2 (e+-Fx)4 6bf2 (e+fx) Cosh[c+dx] b(e+Fx)3C05h[c+dx} 33 Cosh[c+dx]?
+ + + - -

4 a d? 8ad? 8af 433f azd? a%d 8ad*

bvaZ+b? (e+fx)3Logl1+ 2= bvaZ+b? (e+fx)3Log[1+ 2=
VAT (e £)* Logle ] byRTE (e f) Logla ]

3f (e+fx)*Cosh[c+dx]?
_ N _
4 ad? add a*d
3b+/a?+b2 f(e+fx)2PolyLog[2,fﬁ] 3b+/a?+b? f (e+fx)?Polylog[2, - —2¢

b-+/ a?+b? b++/ a2+b? }

+ +
a3 d? a3 d2
6b~/a?+b? f2 (e +fx) Polylog|3, -2 ] gpaZib? £ (e + fx) PolylLog|3, e

b-+/ a?+b? b++/ a2+b?
a3 d3 a3d3
6b+/a2+b? > Polylog|4, - &] 6b~/a2+b2 > PolyLog[4, - —2—— e
b/ a2+b2 b/ a%+b? 6bf3Sinh[c+dx]
+

+

c+dx

+

a’d* a’d* a2 d*
3b-F(e+-Fx)ZSinh[c+dx] 3f2 (e+fx) Cosh[c+dx] Sinh[c+dXx] (e+-Fx>3Cosh[c+dx}Sinh[c+dx]
+ +
a2 d? 4 ad3 2ad

Result (type 4, 3560 leaves):

a—bTanh[i (cvdx)]

2bAr‘cTan[
e3|Six- o <of-b? Csch[c+dx] (b+aSinh[c+dx])
d N L
+ 3e?2fCschc+dx]
4a(a+bCschlc+dx]) 8a (a+bCsch[c+dx])
, ArcTanh [ _a+bTanh|L1 (c+d x) }
v TS - a-ib)Cot[L (2ic+n+2idx
x2+l2b 2t + 1 2[c+iAr‘cCos[—ﬂ})Ar‘cTan[< ) [4< H}+(—21‘1c+n—2
d? \Vazib? \-a? - b2 a v -a? - b2
(-ia+b) Tan[1 (2ic+nm+2idx)] ib (a-ib)Cot[+ (2ic+n+2idx)]
idx) ArcTanh [ 4 | - |ArcCos |- —] - 2ArcTan| 4
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(a+1’1b) (a—jb+\/—a2—b2) (1+11Cot[1(21'1c+7r+211dx)]) ib
Log| 4 | - [ArcCos |- —] +2
a<a+jb+i\/—a2—b2 Cot[i(ZiCJrJTJrZJldXH) a
(a-ib) Cot[® (2ic+n+2idx)] ifa+ib) (~avibe/-a?-b? | [i+Cot[} (2icen+2idx)])
ArcTan | 4 || Log]| 2 |+
V-a2 - p? afa+ib+i/-a?-b? Cot[} (2icenms+2idx)])
ib (afib)Cot[l(ch+ﬂ+ZjdxH —ja+b)Tan[l(2j1c+7r+21'1dxH
ArcCos [— 7} + 2 ArcTan [ 4 } -21 Ar‘cTanh[ 4 }
2 N~ Nar=s
me%(fchiﬂfzdx)
Log | |+

V2 \/-ia v/b+aSinh[c+dX]

ib (a-ib) Cot[+ (2ic+m+2idx)] (-ia+b) Tan[2 (2ic+m+2idx)]
ArcCos |- —] - 2 ArcTan| = | +21iArcTanh| = ]
a Ny Ny
mej—ﬂcﬂimwx) (]lb+\/—az—b2) (aﬂib—jm/—az—b2 Cot[l(21c+n+2j1dx)”
Log | | +1i |PolyLog|[2, 4 ] -
2 v/-ia vVb+aSinh[c +dx] ala+ib+i+v-a*-b* Cot|= (2ic+m+2idx
VTV T F P cot[}
(b+iv-aZ-b? ) (ia-b+-a?-b? Cot[? (2icen+2idx)]]
PolyLog[Z, 4 }
a(a+1‘1b+j\/—a2—b2 Cot[i(21c+7r+21'1dx”)
(b+asinh[c+dx]) + ! ef2Csch]
4a(a+bCschlc+dx])
C+
d
x] [x3 -
1
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anC+dX anC+dX
2dxPolylog[2, - | -2dxPolyLog|2, - | -
be- (a2+b2> e?¢ be+ (a2+b2> e?¢
a(82c+dx anC+dX
2Polylog|3, - | +2PolyLog|3, - ]
be- (a2+b2> e?¢ be+ <a2+b2) e?¢
1

(b+aSinh[c+dx}) +
16a (a+bCschic+dx])

.F3
Csch|
C +
d
X]
2c+d 2c+d
x4 - ! 4be |d®x*Log |1+ ae 7 | -d*x*Log[1+ ae T ]+
d4 <a2+b2) e?¢ b e - (a2+b2> e?c b e+ (a2+b2) e?¢
2c+dXx 2 c+dx
3d?x? Polylog|2, - ae | -3d*x*Polylog|2, - ae | -
b e - (a2+b2) e?¢ bec+ (a2+b2) e%¢
a ezc+dx a (92c+dx
6 dx PolylLog|[3, - | +6dxPolylog|3, - |+
b e - (a2+b2) e%¢ b e + (a2+b2> e%¢
anC+dX a(62c+dx
6 PolylLog[4, - | -6PolyLog|a, - ]
b e - (a2+b2) e%¢ b e+ (a2+b2) e?¢
(b+aSinh[c+dx])+ ! e f?
8a® (a+bCsch[c+dx])
Csch|
c+dx]
2 (a®+4Db%) X - ! 6b (3a°+4b%) e
d? ./ (a% + b?) e2©

2c+d 2 c+d 2 c+d
d?x? Log|[1 + ae’ 7 | -d?*x*Log[1+ ae | +2dxPolylog|2, - ae T ] -
be® -/ (a%+b?) e2¢ be®+./ (a%+b?) ¢ be®- ./ (a%+b?) ¢
ae2c+dx ae2c+dx anC+dX
2dxPolylog|2, - | -2PolyLog|3, - | +2PolyLog|3, - -

be+ <a2+b2) e?¢ be- (a2+b2) e?c be+ <a2+b2) e?¢
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24abCosh[dx] ((2+d?x?) Cosh[c] -2dxSinh[c]) 3a?Cosh[2dx] (-2dxCosh[2c] + (1+2d?x?)Sinh[2c])
o ' o )
24ab (-2dxCosh[c] + (2+d*x?) Sinh[c]) Sinh[d x]

d3

+

3a% ((1+2d*x?) Cosh[2c] -2dxSinh[2c]) Sinh[2dX]
d3

1
16a% (a+bCsch[c+dx])

<b+aSinh[c+dX]) +

'F3
Csch|
c+dx]
2c+d 2c+d
(a2+4b2)x47 1 4b(3a2+4b2) e© d3X3L0g[1+ a s crdx ]7d3x3Log[1+ a e2c+dx }Jr
d4 <a2+b2) e2¢ b et - (a2+b2> e2¢ b et 4 <a2+b2> Q2
2cvd 2c+d 2c+d
3d%x Polylog|2, - e | -3d*x*Polylog|2, - S | -6dxPolylog|3, - S |+
be - <az+b2> e2¢ b et + (a2+b2> e2c¢ b e (a2+b2> JeY:
ae?crdx a e2crdx 3 @2cdx
6 dx PolyLog|[3, - | +6PolyLog|4, - } -6 Polylog|4, - 1| -
be®+ (a2+b2> e2¢ bef - ( +b2> e? b et + (aerbz) e2c

16abCosh[dx] (dx (6+d?x?) Cosh[c] -3 (2+d*>x?) Sinh[c]] a?Cosh[2dx] (-3 (1+2d?x?) Cosh[2c] +2dx (3+2d?x?)Sinh[2c])
dé : d4 )
16ab (-3 (2+d*x?) Cosh[c] +dx (6+d?x?) Sinh[c]) Sinh[dX]

d4

+

a% (2dx (3+2d?x?) Cosh[2c] -3 (1+2d*x?) Sinh[2c]) Sinh[2d x]
d4

(b+asinh[c+dx]) +

a-b Tanh 1—(c+dx) }

7327b2

2b (3a2+4b?) Ar‘cTan[

e*Csch[c+dx] (b+aSinh[c+dx]) | (a®+4b’) (c+dx) - ~4abCosh[c+dx] +a*Sinh[2 (c+dx) ] /

NEpory

(4
a3
d

(a+bCschic+dx])) +
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3e’fCschlc+dx] (b+aSinh[c+dx]) |(a®+4b®) (-c+dx) (c+dx)-8abdxCosh[c+dx] -

b+a ec+dx

a2CoSh[2<c+dx)]_4b<3az+4b2> _ m . 1

\ -a? - b? 2/ a2+ b2

cArcTan]|

a ec+dx a ec+dx a ec+dx a ec+dx
(c+dx) |Log[1+ —————] -Log[1+ ————]| +Polylog[2, —————] -Polylog|[2, - ———— ] | | +
b-/aZsb? b+/aZsb? bivalib? b+/aZsb?

8absSinh[c+dx] +2a’dxSinh[2 (c+dx) | /(8a3d2 (a+bCsch[c+dx]))

Problem 23: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(ewa)ZCosh[Cerx]zd1
X

a+bCschjc+dx]

Optimal (type 4, 510leaves, 21 steps):
£2 (e+-Fx)3 b? (e+-Fx)3 2bf2Cosh[c +dx] b<e+-Fx)2Cosh[c+dx] f (e+fx) Cosh[c+dx]?
+ + -

4 ad? 6af 3a3f a?d? a’d 2ad?
bvaZ+b? (e+fx)%Llog[1+ 2] b~/a2:b? (e+fx)2Llog[l+ 2 2b+aZ+b? f (e+fx) PolyLog[2, - 2
v e+ x)"Log[1+ —===—] bV e+ fx) Log[1+ —==2—]  2bY (e+fx] [2, - =]
+ - +
ald ald a3 d?
2b~/a?+ b2 f (e+fx) Polylog[2, - 2] 2b+/a?+b? f2pPolylog|3, - 2] 2b+/a?+b? f2Polylog|3, - 2~
( ) 2, b+¢asz} 2 b/a2rb? ] 3 W peprey
a3 d? i a3 d3 h a3 d3 i
2bf (e+fx)Sinh[c+dx] f2Cosh[c+dx]Sinh[c+dx] (e+fx)*Cosh[c+dx]Sinh[c+dx]
+ +
a% d? 4ad? 2ad

Result (type 4, 2497 leaves):
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a-b Tanh[i (c+dx) ]

2bAr‘cTan{
e | Sy x- —— Csch[c+dx] (b+aSinh[c+dx])
d ~/ -a2-b? d 1
+ ef Csch[c+dx]
4a(a+bCschlc+dx]) 4a(a+bCschlc+dx])
. ArcTanh [ _a+bTanh|1 (c+d x) }
177 . 1 . )
1 [0 1 i b a-1b Cot[* 21c+77+21dx}
x2+—2b 2t + 2(c+jAr‘cCos[—l})Ar‘cTan[( ) 4< ) }+(—21’1c+n—2
d? v a? +b? \ -a? - b? a v -a%-b?

(-ia+b) Tan[t (2ic+nm+2idx)] ib (a-ib) Cot[+ (2ic+m+2idx)]
id x) Ar‘cTanh[ 4 ] - |ArcCos [— 7} - 2Ar‘cTan[ 4
Ny a Narcar=2
(a+ib) (a-ib+y/-a?-b? ) (1+iCot[} (2icems2idx)]] ib
Log| 2 | - |ArcCos|[-—] +2
afa+ibs+in/-a?-b? Cot[} (2icen+2idx)]) a
(a-ib)Cot[t (2ic+m+2idx)] ifa+ib) (-avib+-a?-b? | [i+Cot[d (2icens2idx)]]
Ar‘cTan[ 2 ] Log[ 2 ]+
v -a? - b2 a(aﬂibﬂ'm/faszz Cot[i(zjlcwwzjidx)])
ib a—ib)Cot[l(Zic+7T+2jldXH —ia+b)Tan[l(Zic+7T+2:|idXH
ArcCos |- —| +2ArcTan| 4 | -21iArcTanh| 4 ]
2 Neroanrs Joai bt
me}(fchinfzdx)
Log[ ]+
2 A/-ia /b+aSinh[c +dx]
ib a—jb)Cot[l(ch+ﬂ+ZjdxH —Jia+b)Tan[l(2j1c+ﬂ+21'1dxH
ArcCos |- —| - 2 ArcTan| 4 | +21iArcTanh| 4 ]
2 o Joat o
me}acnmwx) (]ib+\/—az—b2) (a+1‘1b—1‘1\/—a2—b2 Cot[l(zjc+ﬂ+2j1dx)”
Log| | +i |PolyLog|2, . ] -
\/?\/7]'13 \/b+aSinh[c+dx} a (a+]lb+j\/—az—b2 Cot[i (2]'1C+71+2]'1dXH)

1
4

afa+ibs+in/-a?-b? Cot[} (2icem+2idx)])

PolyLog|2,

(b+jm) (jaber\/WCOt[ (2]1C+7T+21'de)])}]]

1
(b+asinh[c+dx]) + f2Csch[c +dx]

12a (a+bCschlc+dx])

1
x3 -

@[22+ b2) ¢
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3
b
(eC
2c+d 2c+d
d?x? Log[1 + ae ™ | -d?x? Log[1 + ae ™™ ]+
be€ - (a2+b2) e’¢ b e+ (a2+b2) e%¢
2c+d 2c+d
2dxPolylog[2, - aer | -2dxPolyLog|2, - ae | -
bec- (a2+b2) e?¢ bec+ (a2+b2> e?¢
a eZC+dX a ez c+d x
2Polylog|3, - | +2PolyLog|3, - ]
bec- (a2+b2) e¢ b e+ (az+b2) e?¢
1

(b+asinh[c+dx]) +
242% (a+bCschlc+dx])

,FZ
Csch|
C+
dx] |2 (a®+4b%) x* -
1
d3 <a2+b2> eZc
2c+d 2 c+d 2 ced
6b (3a’+4b”) e |d*x* Log[1+ e ] -d*x?Log[1+ . ] +2dxPolylog|2, - e ] -
be- (a2+b2) e?¢ be+ (a2+b2) e?c be- (a2+b2) e?¢
ae2c+dx a62c+dx ae2c+dx
2dxPolylog[2, - ] -2Polylog|3, - | +2PolyLog|3, - 11 -
be+ <a2+b2) e?¢ be® - (a2+b2) e?¢ be®+ (a2+b2) e?¢

24abCosh[dx] ((2+d*x?) Cosh[c] -2dxSinh[c]) 3a%Cosh[2dx] (-2dxCosh[2c] + (1+2d?x?) Sinh[2c])
o i o )
24ab (-2dxCosh[c] + (2+d*x?) Sinh[c]) Sinh[dx]

d3

+

3a? ((1+2d*x?) Cosh[2c] -2dxSinh[2c]) Sinh[2dX]
d3

(b+

asinh[c+dx]) +
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a-b Tanh 1—(c+dx)
2b (3a2+4b2)ArcTan[ ]

| 2. p2
e’Csch[c+dx] (b+aSinh[c+dx]) | (a*>+4b?) (c+dx) - il -

NEpory

4abCosh[c+dx] +a’Sinh[2 (c+dx)] /(4a3d (a+bCschfc+dx])) +

efCschic+dx] (b+asSinh[c+dx]) |(a*+4b®) (-c+dx) (c+dx)-8abdxCosh[c+dx] -

[ b+a ectdx

a2CoSh[2<c+dx)],4b(3a2+4b2> B f-a?-p? N 1

\ -a? - b? 2/ a? + b?

c ArcTan

a ec+dx a ec+dx a <ec+dx a (ec+dx
(c+dx) |Log[1+ ————] -Log[1+ ————]| +Polylog|2, —————] -Polylog[2, - ————— ] | | +
b-+a?+b? b++/a?+b? ~b++a?+b? b++/a?+b?

8absinh[c+dx] +2a’dxSinh[2 (c+dx) | /(4a3d2 (a+bCsch[c+dx]))

Problem 24: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(e+fx) Cosh[c+dx]?
j dx

a+bCschc+dx]

Optimal (type 4, 327 leaves, 16 steps):
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ex b2ex fx* b2fx2 b (e+fx)Cosh[c+dx] fCosh[c+dx]?
— 4 + + - -
2a a3 4a 233 a%d 4 a d?

aemdx

5 5 a eCHdx 2 2 _aetdx A/ a? 2 -
/et b (e fx) oglne U] BVaTeB e fx) Log1n T BVata et Frotytegla, - H)
_ +

+
a’d a3d a3 d2
b+/a?+b? fPolylLog[2, - —2¢=~—
[ ’ bor/a2:b? } bfSinh[c +dx] (e+fx> Cosh[c +dx] Sinh[c +dx]
+ +
a d? a? d? 2ad

Result (type 4, 1663 leaves):

a-bTanh 2 (crdx) ]

2bAr‘cTan[
e|S+x- [etor Csch[c+dx] (b+aSinh[c+dx])
d J a2 v d L
+ fCschc+dx]
4a(a+bCschlc+dx]) 8a (a+bCschc+dx])
. Ar‘CTanh[ _a+bTanh| X (c+d x) }
17T . 1 . .
1 42,02 1 i a-1ib)Cot|= (2ic+m+21idx
x>+—2b il + 2[c+1‘1Ar‘cCos[1b})Ar‘cTan[( ) [4< ”}+(—21‘1c+n—2
d? \ a? + b? \ -a?-b? a \ -a? - b?

-1a+b)Tan|= (21 c+m+21dx a-1b)Cot|=(21ic+m+21dx
) Tan [ | )] ( J cot [} ( )]

J'ldx) Ar‘cTanh[ ] -

“/7asz2

1b
ArcCos [— 7] -2 Ar‘cTan[

a NEpeyyy

{(a+1’1b> la-ib+V-a?-b? | (1+iCot[2 (21’1c+7r+21'1dx)])} o,
Log - |ArcCos|-—| +2
afavibs+i/-a?-b? Cot[} (2icen+2idx)]) a
[(a—jb>Cot[4l(2]‘1C+7r+21‘1dx)]] [Ji(a+1'1b) (—a+jb+\/—a2—b2) (Ji+Cot[‘11(211c+Jr+211dx)”]
ArcTan Log +
v -a?-p? a(a+1’1b+jm/fa27b2 Cot[i(21c+n+2j1dx)])
ib a-ib)Cot[> (2ic+n+2idx)] (-ia+b) Tan[2 (2ic+n+2idx)]
ArcCos |- —| + 2 ArcTan| 4 | -2iArcTanh]| 4 ]
a Nerears Nerra=y
me%(fchimzdx)
Log[ ]+
\/?\/—Jia \/b+aSinh[c+dx}
ib a—ib)Cot[l(Zic+7T+2jldXH <—ia+b)Tan[l(21'1C+7T+2]'1dXH
ArcCos |- —| - 2ArcTan| 4 | +21iArcTanh| 4 ]
a NeErcars JoaT b7
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Va2l b? es (2erim2d0) (jb+\/—a2—b2) (a+1’1b—1’1\/—a2—b2 Cot [+ (21’1c+71+21'1dx”>
Log| | +i |PolyLog|2, 4 ] -
2 A/-ia vVb+aSinh[c +dx] a (a+]'].b+]i\/fasz2 Cot[i (21‘1c+n+21‘1dx”)
(b+iv-aZ-b? | (ia-b+-a?-b? Cot[? (2icsn+2idx)]]
Polylog|2, 4 ] (b+asinh[c+dx]) +
afa+ibs+i/-a?-b? Cot[} (2icen+2idx)])

1
2b (3a%+4b2) ArcTan | 2-bTanh|, (crdx) ]
_a?_p?

eCsch[c+dx] (b+aSinh[c+dx]) |(a®+4Db?) (c+dx) - -

Nerrars
4abcCosh[c+dx] +
a’sinh[2 (c+dx) | /
(4a°d (a+bCsch[c+dx])) + [fCsch[c+dx] (b+aSinh[c+dx])
(a?+4b?) (-c+dx) (c+dx) -
8abdxCosh[c+dx] -a®Cosh[2 (c+dX) |-
cAr‘cTan[M
2 2
4b (3a2+4b%) |- A !
v -a?-b? 2+/a?+b?
a ec+dx a e~:+dx a ec+dx a (ec+dx
[(c+dx) Log[1+ ————] -Log[1+ —————]| +PolyLog[2, ——————] - Polylog[2, -—————— ||| +
b-+/a%+b? b ++/a?+b? -b++a%+b? b+ a?+b?
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8absSinh[c+dx] +2a*dxSinh[2 (c+dx” /(Sag’d2 (a+bCschic+dx]))

Problem 26: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(e+fx>3Cosh[c+dx]3 .
X

a+bCsch[c+dx]

Optimal (type 4, 864 leaves, 31 steps):
3bf3ix b (e+fx)’ b(a?+b?) (e+fx)* 40f Cosh[c+dx] 6b2f>Cosh[c+dx] 2F (e+fx)’Cosh[c+dx]
. . .

83a%d3 43a%d 4% F 9ad* a3 d* a d?
b (a?+b?) (e+fx)>Log[1+ —2¢

b-+/ a%+b? ]

c+dx

3b2f (e+fx)2Cosh[c+dx] 2f3Cosh[c+dx]® F (e+-Fx)2Cosh[c+dx]3

a3 d? 27 ad* 3ad? atd

) 2 3 3 ecdx ) 2 2 _aecdx ) 2 2 _aesix
o (524 7] (e )" Log[L ] 3 (a1 0] £ o £ Polylog[2, - S| 3 (310 £ o ) Polylog[2, - |
- - +
a*d a*d? a*d?
6b (a2 +b2) 2 (e + fx) PolylLog[3, - —2<=2 6b (a2 +b2) 2 (e + fx) PolylLog[3, - —2==2 6b (a2 +b?) f3 PolylLo 4,—ﬁ
(7 87) o ) Polytog3, ~ o] o0 b # o i) Polytogs, ~ o) sp (bt BRoltegls, -]
a* d? : a*d? ) a* d* )
6b <a2 n b2) £3 PolyLog[4, _—aetix
bi/a2sb? 402 (e + fx) Sinh[c+dx] 6b2f2 (e+fx)Sinh[c+dx] 2 (e+-Fx)3Sinh[c+dx]
+ + + +

a*d* 9ad? a’d3 3ad
b2 (e+fx)3sinh[c+dx] 3bf3Cosh[c+dx] Sinh[c+dx] 3bf (e+Fx)2Cosh[c+dx] Sinh[c +d x]

+ + +
a’d 8 a2 d4 4 a2 g2

2f2 (e+fx) Cosh[c+dx]?Sinh[c+dXx] (e+-Fx)3Cosh[c+dx}ZSinh[c+dx] 3bf? (e+fx)Sinh[c+dx]? b (e+1cx)3sinh[c+dx]2
+ _ _

9ad? 3ad 432d3 2a%d

Result (type 4, 5945 leaves):

2c+dXx anC+dx
ef?Csch[c+dx] |-12bdxPolyLog|2, - | -12bdxPolyLog|2, -
4a’d’ <a+bCSCh[c+dX]> be€ - (a2+b2) e%¢ bec+ (a2+b2> e?¢

1 ae

] +

e |2bd®ex®-6aCosh[dx] +6ae’“Cosh[dx] -6adxCosh[dx] -6ade?®xCosh[dx] -3ad?x?Cosh[dx] +

| 19
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a <e2C+dx a eZC+dX
3ad?e?“x?Cosh[dx] -6bd? e x* Log[1+ | -6bd?e“x?Log[1+ |+
be® -/ (a%+b?) e2¢ be®+./ (a%+b?) e2¢
ande anC+dx
. 2c .
12b e Polylog|3, - | +12b e PolyLog|3, - | +6asSinh[dx] +6ae’“Sinh[dx] +
be®-./(a%+b?) e2¢ be®+./ (a%+b?) e2¢

6adxSinh[dx] -6ade’“xSinh[dx] +3ad*x*Sinh[dx] +3ad’e’“x*Sinh[dx] || (b+aSinh[c+dx]) +

1 ae2c+dx
f2Csch{c+dx] |-12bd? x? Polylog|2, -
8a’d* (a+bCsch[c+dx])

]+

bec- (a2+b2) e?¢

e C|bd*e“x*-12aCosh[dx] -12ae?Cosh[dx] -12adxCosh[dx] +12ade?xCosh[dx] - 6ad?x?Cosh[dx] -6ad?e?®x?Cosh[dx] -

a(e2c+dx ae2c+dx
2ad®x’Cosh[dx] +2ad® e’ x> Cosh[dx] -4bd’ e x> Log |1 + | -4bd® e x® Log |1+ ] -
be- (a2+b2> e%¢ be+ (a2+b2) e?¢
aeZCerx a(e2c+dx
12 b d? e x? PolyLog|[2, - | +24bdexPolylog|3, - ] +
be+ (a2+b2) e?¢ bec- (a2+b2) e?¢
anC+dX ae2c+dx
24bd e xPolyLog[3, - } -24be PolyLog[4, - ] -
be+ (a2+b2) e%¢ bec- (a2+b2) e%¢
anC+dX

24b e Polylog|4, - | +12aSinh[dx] -12ae?“Sinh[dx] +12adxSinh[dx] +12ad e’ xSinh[dX] +

bet+ <a2+b2) e?¢

6ad?x*Sinh[dx] -6ad®e*“ x*Sinh[dx] +2ad®>x*>Sinh[dx] +2ad’e’“x>Sinh[dx] || (b+aSinh[c+dx]) +

1
144 a*d® (a+bCsch[c+dx])

ee3f2Cschic+dx] |72a’bd®> e3> x> +144 b3 d® e3¢ x> - 108 a® €2 Cosh[d x] - 432 ab? e Cosh[d x] +

108 a% e*“ Cosh[d x] +432 ab? e*¢ Cosh[d x] - 108 a®d e?¢ x Cosh[d x] -432ab%de?xCosh[dx] -

108 a>de*“ x Cosh[dx] -432ab?de*® xCosh[dx] -54a%d?e?x?Cosh[dx] - 216 ab? d? 2 x?> Cosh[d x] +
54 a3 d? €*¢ x? Cosh[d x] + 216 ab?d? e*¢ x?> Cosh[d x] - 27 a’b e Cosh[2dx] -27 a’b e’ Cosh[2d x] -
54a°bde®xCosh[2dx] +54a’bde’ xCosh[2dx] -54a%bd?e®x?>Cosh[2dx] -54a%bd?e’®x?Cosh[2dx] -
4a3Cosh[3dx] +4a®e®“Cosh[3dx] -12a>dxCosh[3dx] -12a*de®°xCosh[3dx] -18a>d?x?Cosh[3dx] +
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a e2c+dx a eZc+dx
18a° d? e®“ x? Cosh([3d x] - 216 a*bd” e x* Log[1 + | -432b%d* e x* Log |1+ |-
bec- (a2+b2> e%¢ bec- <a2+b2) e%¢
a 2 c+d x a 2 c+d x
216a2b d? €3 x? Log[1 + < | -432b°d? €3 x? Log[1 + - ] -
bec+ (a2+b2) e?¢ b e+ (a2+b2) e%¢
2 c+d x 2c+dx
2 2 3¢ ae 2 2 3¢ ae
432b (a*+2b?*) d x Polylog|2, - | -432b (a?+2b?) de>“ xPolylog|2, - ]+
bec- (a2+b2) e%¢ be+ (a2+b2) e%¢
a eZC+dX a 92c+dx
432a%b e Polylog|3, - | +864b%e* PolyLog|3, - |+
be®- ./ (a%+b?) ¢ be® -/ (a%+b?) e2¢
a eZC+dX a eZc+dx
432a’b e’ Polylog|3, - | +864b*e* Polylog|3, - | +108a% e*“Sinh[dx] +
be+ (a2+b2) e?¢ be+ (a2+b2) e%¢

432 ab?e?°Sinh[dx] +108 a®> e*°Sinh[dx] +432ab?e*“Sinh[dx] +108 a>d € xSinh[dx] +432ab?d e?¢ xSinh[dx] -
108a3de*“xSinh[dx] -432ab?de*“xSinh[dx] + 54 a>d2 e?¢x?Sinh[dx] + 216 ab?d? e x?>Sinh[d x] +

54 a3 d? e*¢ x?>Sinh[d x] +216ab?d?e*c x?>Sinh[dx] +27a%beSinh[2dx] -27a%be’°Sinh[2dx] +54a’bde®xSinh[2dXx] +
54a’bde’“xSinh[2dx] +54a’bd?e®x?Sinh[2dx] -54a2bd?e’“x?Sinh[2dx] +4a3Sinh[3dx] +4a°>e®¢Sinh[3dx] +

12a’dxSinh[3dx] -12a*d e®“xSinh[3dx] +18a> d*x*Sinh[3dx] + 18 a’ d* e®*“x*Sinh[3dx] | (b+aSinh[c+dx]) +

1
864 a*d* (a+bCsch[c+dx])

e3¢ f3Cschjc+dx] |108a’bd* e3¢ x* + 216 b3 d* e3° x* - 648 a® €2 Cosh[d x] - 2592 a b? €2 Cosh[d x] -

648 a3 e*€ Cosh[d x] - 2592 ab? e*“ Cosh[d x] - 648 a>d €®“ x Cosh[d x] - 2592 ab®d e?¢ x Cosh[d x] + 648 a®>d e*° x Cosh[d x] +

2592 ab?de*C x Cosh[dx] - 324 a® d? €€ x? Cosh[d x] - 1296 a b? d? e?¢ x?> Cosh[d x] - 324 a®> d? €*€ x? Cosh[d x] -

1296 ab? d? e* ¢ x? Cosh[d x] - 108 a®> d® €2 x> Cosh[d x] - 432 ab?d> e?¢ x> Cosh[d x] + 108 a® d3 e*° x3 Cosh[d x] + 432 ab?d3 e*“ x3 Cosh[d x] -
8la’be‘Cosh[2dx] +81la’be’“Cosh[2dx] -162a’bdexCosh[2dx] -162a’bde’ xCosh[2dx] -162a’bd? e x?Cosh[2dx] +

162 a’bd? e’ “x?Cosh[2dx] -108a’bd3 e® x> Cosh[2dx] -108a%bd3 e’ x> Cosh[2dx] -8a*Cosh[3dx] -8a%e®° Cosh[3dx] -

24 a3dx Cosh[3dx] +24a>de® xCosh[3dx] -36a%d?>x?>Cosh[3dx] -36a>d?e®“x?Cosh[3dx] -36a%d3x3Cosh[3dx] +

a<e2c+dx anC+dx
36a°d® e®“x?Cosh[3dx] -432a*bd® e x® Log[1 + | -864b%d® e3> x® Log[1 + |-
bec- (az+b2> e%¢ b et - <a2+b2) e%¢
a (eZC+dX a e2c+dx
432a’bd’ < x> Log[1 + | -864b%d® e’ x® Log[1+ | -
be+ (a2+b2) e?¢ be+ (a2+b2> e?¢
a e2c+dx a (62c+d><
1296 b (a” + 2b?) d*> e x* Polylog|2, - | -1296b (a® +2b?) d* > x* Polylog|2, - |+

be- (az+b2) e?¢ be+ (a2+b2> e?¢
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anc+dX anC+dX
2592a’bd e’ x PolylLog|3, - | +5184b*d e* x PolylLog|3, - |+
be® -/ (a%+b?) ¢ bet -/ (a%+b?) e2¢
a (52c+dx a eZc+dx
2592a’bd e’ x PolylLog|3, - | +5184b*d e* x PolylLog|3, - ] -
be®+./ (a%+b?) e2¢ be+./ (a%+b?) e2¢
a e2c+dx a e2c+dx
2592 a’b e Polylog|4, - | - 5184 b% &3 PolyLog|4, - | -
bec- <a2+b2) e?¢ bec- (a2+b2> e?¢
a eZc+dx a e2c+dx

2592 a’b e>“ Polylog|4, -

| -5184b% 3 Polylog|4, -
be+ <a2+b2) el¢ be+ (a2+b2> e?¢

2592 ab? e2¢ Sinh[d x] - 648 a® e* Sinh[d x] - 2592 ab? e*€ Sinh[d x] + 648 a®>d €?¢ x Sinh[d x] + 2592 ab?d €?¢ x Sinh[d x] +

648 a>de*“xSinh[dx] +2592ab%de* xSinh[dx] + 324 a>d? e?¢x?Sinh[d x] + 1296 a b% d? €2 x?> Sinh[d x] -

324a%d? e*“x2Sinh[dx] -1296 ab? d? e*¢ x?> Sinh[d x] + 108 a* d? €2 x> Sinh[d x] + 432 ab? d® €2 x> Sinh[d x] +

108 a>d3 e*“x3Sinh[dx] +432ab?d3e*“x3Sinh[dx] +81a’be®Sinh[2dx] +81a?be’ Sinh[2dx] +162a’bde®xSinh[2dx] -

162 a’bd e’ xSinh[2dx] +162a2bd? e®x?Sinh[2d x] +162a?bd? e’ x?>Sinh[2d x] + 108 a2 b d> e® x> Sinh[2d x] -

108 a’bd®> e’ x>Sinh[2dx] +8a®>Sinh[3dx] -8a®e®°Sinh[3dx] +24a*dxSinh[3dx] +24a3de® xSinh[3dx] +

| +648a% e?“Sinh[dx] +

36 %> d* x*Sinh[3dx] - 362’ d®>e®“ x*Sinh[3dx] +36a’d’> x*Sinh[3dx] +36a°d®e®“ x*Sinh[3dx] | (b+aSinh[c+dx]) +

e*Cschc+dx] (b+asSinh[c+dx]) (—Zb“’mb*afznh“*dx” + ZSi“h[;*d”
a a

4 (a+bCschlc+dx])
1
2a?d? (a+bCschlc+dx])
3e?fCsch[c+dx] (b+aSinh[c+dx])

aSinh[c+dx]

~aCosh[c+dx] -b (c+dx) Log[b+aSinh[c+dx]] +bcLlog[l+
b

|+

1 (ta+b) Cot[+ (2ic+n+2idx)]
ib|-—1 2c+1’171+2dx2—4iArcSin{7}Ar‘cTan[ 4 ] -

8 \/? v a? +b?
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—|-21c+m-21dx+4ArcSin

V2

141t

1 . . . a T .

= |-2ic+n-2idx-4ArcSin[——] }+(7—1<c+dx) Log[b+aSinh[c+dx]] +
V2 2

(b—m) ecrdx (b+m) ecrdx
] +PolyLog[2,

a a

i PolyLog[Z, }] +adxSinh[c+dx] | +

1
8 (a+bCsch[c+dx])

2bCosh[2 (c+dx)| 4 (a’b+2b?) Log[b+aSinh[c+dx]]

a%d a*d

e*Csch[c+dx] (b+aSinh[c+dx])

+

2 (a?+4b?) sinh[c +dx] . 2sinh|[3 (c+dx) |
atd 3ad
1
24a%d? (a+bCsch[c+dx])

+

e’ fCsch{c+dx] (b+aSinh[c+dx])

+

aSinh[c+dx]}

-18a (a? +4b?) Cosh[c+dx] -18a*bdxCosh[2 (c+dx)] -2a*Cosh[3 (c+dx)] +36a’bcLog[1+ .

1+1b . 1 . ,
. i1a+b)Cot|= (2ic+m+21dXx
72b3cLog[l+M}—36a2b —1<2c+jﬂ+2dx)2—4APcSin[7a]Ar‘cTan[( ) [4< )]]+
b 8 N2 v a? + b?

1
—|2c+1m+2dx+41ArcSin
2

Log[1 + | +=|2c+in+2dx-41ArcSin
a 2

l1+j?b (43+ /a2+b2)ec+dx 1 \/1+ja_b
[ e } | 7 ]
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(b+\/a2+b2)ec*dx (b_m) ec+dx

Log[1 - | - =irLog[b+aSinh[c+dx]] +PolyLog|2, | +PolyLog|2, |-
a 2 a a
ib ib
SR (ia+b)cot[t (2ic+n+2idx)] e
72 b3 —l(2c+in+2dx)2—4ArcSin[7]Ar‘cTan[ 4 }+1 2c+in+2dx+4iArcSin[——]
8 2 \aZ+ b2 2 A2

[~b /a2 b7 | ecox

Log[1+ | +=|2c+in+2dx-4iArcSin
a 2

(b+\/ a2+ b? ) ecrdx
Log[1 - |-
a

tEEH

(b—\/m) ecrdx

1 (bJr\/aerb2 ) ecrdx
~imLog[b+aSinh[c+dx]] +PolylLog|2, | +Polylog|2, 1|+
2 a a

18a (a®+4b*) dxSinh[c+dx] +9a’bsinh|2 (c+dx)] +6a*dxSinh[3 <c+dx)]

Problem 27: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(e+fx)*Cosh[c+dx]3
J dx
a+bCsch[c+dx]

Optimal (type 4, 636 leaves, 24 steps):



6.6 Hyperbolic cosecant.nb | 25

befx bf2x? b (a?+b?) (e+fx>3 4f (e+fx) Cosh[c+dx] 2b’>f (e+fx) Cosh[c+dx] 2f (e+fx) Cosh[c+dx]?

_ _ . _ _ _ _
2a’d  4a%d 3atf 3ad? a3 d? 9ad?

b(a?+b2) (e+fx)2Llog[1+ 2" b (a2+b2) (e+fx)?Log[l+ 22—
(a7 +0%) (e~ Fx) Log[1+ —2E=—] b (a®+b%) (e« Fx)Log[1+ —2==—]

c+dx

2b (a?+b?) f (e+fx) Polylog[2, - 25—

b-+/ a%+b?

c+d x

a*d a*d a* d?

2b (a?+b?) f (e+fx) Polylog|2, —ﬁ] 2b (a%+b?) £2 PolyLog|3, —ﬁ] 2b (a%+b?) £2 PolyLog|3, —ﬁ]
+ + +
a* d? a*d3 a*d3
14 €2Sinh[c+dx] 2b2fSinh[c+dx] 2(e+-Fx)ZSinh[c+dx] b2 (e+fx>25inh[c+dx] bf (e+fx) Coshc+dx] Sinh[c+dx]
9ad? : a’d? : 3ad : a’d : 2a%d? :

(e+-Fx>2Cosh[c+dx}ZSinh[c+dx] bf2Sinh[c +dx]?2 b(le-I:x)ZSinh[c+dx]2 2f2Sinh[c+dx]3

3ad ) 422 o3 . 2a2d : 27ad?

Result (type 4, 3303 leaves):

2 c+d x anC+dX
f2Csch{c+dx] |-12bdxPolylog|2, - | -12bdxPolylog|2, -
12 a2 d3 (a+szch[c+dx]) b et — (a2+b2> e2¢ b et + <a2+b2) e2c

1 ae

|+

e |2bd®e“x*-6aCosh[dx] +6ae®“Cosh[dx] -6adxCosh[dx] -6ade?®xCosh[dx] -3ad?x?Cosh[dx] +

a e2c+dx a (e2c+dx
3ad?e’“x?Cosh[dx] -6bd? e x? Log[1+ | -6bd? e x* Log|1 + ]+
bec- <a2+b2) e%¢ be+ (a2+b2> e%¢
a(EZCerx a@2c+dx
. 2c .
12be€ PolyLog[B, - ] +12be€ PolyLog[B, - ] +6aSinh[dx] +6ae““Sinh[dx] +
bec- (a2+b2) e%¢ be+ (a2+b2> e?¢

6adxSinh[dx] -6ade’“xSinh[dx] +3ad®x*Sinh[dx] +3ad®*e*“x*Sinh[dx] || (b+aSinh[c+dx]) +

1
432a*d* (a+bCschlc+dx])

e3¢ f2Cschjc+dx] |72a’bd®>e3°x®+144b3d? e3¢ x> - 108 a® €?¢ Cosh[d x] - 432 ab? e2¢ Cosh[d x] +

108 a3 e*€ Cosh[d x] +432ab? e*“Cosh[dx] -108a°d e?“ x Cosh[dx] -432ab?de? xCosh[dx] - 108 a>d e*“ x Cosh[d x] -

432 ab?de*“xCosh[dx] - 54a>d?e®®x?Cosh[dx] - 216 ab?d? e x?> Cosh[d x] + 54 a* d? e* ¢ x?> Cosh[d x] + 216 ab? d? e*° x% Cosh[d x] -

27 a’beCosh[2dx] -27a’b e’ Cosh[2dx] -54a’bde®xCosh[2dx] +54a2bde’ xCosh[2dx] -54a2bd?e®x?Cosh[2dx] -
54a’bd? e’ x?>Cosh[2dx] -4aCosh[3dx] +4a%e®“Cosh[3dx] -12a*>dxCosh[3dx] -12a>de®“xCosh[3dx] -18a3d%?x?Cosh[3dx] +
2 c+d x a(eZc+dx

| -432bd? e x? Log |1+ | -
bet -/ (a%+b?) ¢ bet -,/ (a%+b?) e2¢

ae

18 a*d? e®“ x? Cosh[3d x] - 216 a’bd? e x? Log |1 +
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a eZC+dX a <e2C+dx
216 a’bd? e®“ x? Log |1+ | -432b3d? e x? Log[1 + |-
be®+./ (a%+b?) e2¢ be®+./ (a%+b?) e2¢
a eZc+dx a 62c+dx
432b (a®+2b?) de’“ xPolylog|2, - ] -432b (a*+2b?) de’“ xPolylog|2, - |+
bet- ./ (a%+b?) e¢ be®+./ (a%+b?) e2¢
2c+d 2c+d
432ab e’ Polylog|3, - ae ™ | +864b*e* Polylog|3, - ae ™ |+
bec - (a2+b2) e¢ bec- (a2+b2) e?¢
a e2c+dx a e2c+dx
432a’b e’ Polylog|3, - | +864b% e PolyLog|3, - | +108a% €2 Sinh[d x] +
be+ (a2+b2) e?¢ bec+ (a2+b2) e2¢

432 ab?2e?cSinh[dx] +108 a3 e*“Sinh[dx] +432ab?e*“Sinh[dx] + 108 a>d e?°xSinh[dx] +432ab?d e?¢ x Sinh[d x] -

108 a>de*“xSinh[dx] -432ab?de*® xSinh[dx] + 54 a%d? e2¢ x?> Sinh[d x] + 216 a b% d? €2 x?> Sinh[d x] +

54 a3 d? e*¢ x? Sinh[d x] + 216 ab?d? e*¢ x?> Sinh[dx] +27 a?be®Sinh[2dx] - 27 a%be’°Sinh[2dx] +54a’bd e®xSinh[2d x] +
54a°bde’ xSinh[2dx] +54a2bd?e®x?Sinh[2dx] -54a2bd? e’ x?Sinh[2dx] +4a®Sinh[3dx] +4ae®cSinh[3dx] +

12a*dxSinh[3dx] -12a*d e®“ xSinh[3d x] + 182> d*x*Sinh[3dx] + 183’ d*e®“ x*Sinh[3dx] | (b+aSinh[c+dx]) +

e?Cschc+dx] (b+asSinh[c+dx]) (—Zb“’mb*afz"h“*dx” + ZSi“h[;*dX‘
a a

4 (a+bCschlc+dx])
1
a?d? (a+bCsch[c+dx])
efCsch[c+dx] (b+aSinh[c+dx])

aSinh[c+dx1}

~aCosh[c+dx] -b (c+dx) Log[b+aSinh[c+dx]] +bcLlog[1l+
b

+

1 a (ia+b)Cot[> (2ic+n+2idx)]
ib|-=i(2c+in+2dx)?-4iArcSin][———] ArcTan]| . ] -

8 V2 v a? + b?
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—|-21c+m-21dx+4ArcSin

V2

141t

1 . . . a T .

= |-2ic+n-2idx-4ArcSin[——] }+(7—1<c+dx) Log[b+aSinh[c+dx]] +
V2 2

(b—m) ecrdx (b+m) ecrdx
] +PolyLog[2,

a a

i PolyLog[Z, }] +adxSinh[c+dx] | +

1
8 (a+bCsch[c+dx])

2bCosh[2 (c+dx)| 4 (a’b+2b?) Log[b+aSinh[c+dx]]

a%d a*d

e*Csch[c+dx] (b+aSinh[c+dx])

+

2 (a?+4b?) sinh[c +dx] 2sinh|[3 (c+dx) |
+
atd 3ad
1

36a%d? (a+bCsch[c+dx])

+

efCsch[c+dx] (b+aSinh[c+dx])

+

aSinh[c+dx]}

-18a (a? +4b?) Cosh[c+dx] -18a*bdxCosh[2 (c+dx)] -2a*Cosh[3 (c+dx)] +36a’bcLog[1+ .

1+1b . 1 . ,
. i1a+b)Cot|= (2ic+m+21dXx
72b3cLog[l+M}—36a2b —1<2c+jﬂ+2dx)2—4APcSin[7a]Ar‘cTan[( ) [4< )]]+
b 8 N2 v a? + b?

1
—|2c+1m+2dx+41ArcSin
2

Log[1 + | +=|2c+in+2dx-41ArcSin
a 2

l1+j?b (43+ /a2+b2)ec+dx 1 \/1+ja_b
[ e } | 7 ]
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(b+\/a2+b2)ec*dx (b_m) ec+dx

Log[1 - | - =irLog[b+aSinh[c+dx]] +PolyLog|2, | +PolyLog|2, |-
a 2 a a
1450 i 1 ; ; 1+ L0
72 b3 1 (2c+in+2dx)2—4ArcSin[7a]Ar‘cTan[ (ia-0) COt[Z (2icermr2idx)] ] +1 2c+i7r+2dx+4iAr‘cSin{7a]
8 2 \aZib? 2 N2

[~b /a2 b7 | ecox

Log[1+ | +=|2c+in+2dx-4iArcSin
a 2

(b+\/ a2+ b? ) ecrdx
Log[1 - |-
a

tEEH

(b—\/m) ecrdx

1 (bJr\/aerb2 ) ecrdx
~imLog[b+aSinh[c+dx]] +PolylLog|2, | +Polylog|2, 1|+
2 a a

18a (a®+4b*) dxSinh[c+dx] +9a’bsinh|2 (c+dx)] +6a*dxSinh[3 <c+dx)]

Problem 28: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(e+fx) Cosh[c+dx]?
J dx

a+bCsch[c+dx]

Optimal (type 4, 400 leaves, 18 steps):
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X b (a2 +b?) (e+fXx) Log[1+ﬂ]
bfx b <32+b2) (e+'Fx) 2fCosh[c+dx] b?>fCosh[c+dx] fCosh[c+dx]3 b/ a2+b2

+

43a%d 2a%f 3ad? a3 d? 9 a d? a*d
b (a2+b2) (e+fx) Lo 1_*_& b (a2 + b2) f PolylLog|2, __aewdx b (a2 + b2) fPolyLog|2, - 2 ecrdx
( ) ( ) g[ b+/ a?+b? ( > Y g[ bﬂlahbz} ( ) Y g[ bir/a2ib? 2 (e+-Fx) Sinh[c +dx]
- - + +
a*d a% d? 2% g2 3ad
b? (e + fx) Sinh[c+dx] bfCosh[c+dx]Sinh[c+dx] (e+fx)Cosh[c+dx]?Sinh[c+dx] b (e+fx)Sinh[c+dx]?
+ + _
a’d 432 d? 3ad 2a2d

Result (type 4, 1315leaves):

1
5 36a’bc?f+36b3c2f+361a’becfrn+36ib3cfrn-9a’bfr?-9b3Ffn?+72a’bcdfx+72b3cdfx+361a’bdfrx+
72a%d
ib
1+ a (J'La+b> Cot[i(21c+7r+21dx”
36ib3dfrx+36a’bd? fx?+36b>d?fx*+288a’bfArcSin[ ————] ArcTan| |+
ey Val b2
14+ 1
a (ia+b)Cot[} (2icrm+2idx)
288 b® f ArcSin[ ———| ArcTan| | -54a®fCosh[c+dx] -
NPy Varib?

72ab’fCosh[c+dx] -18a’bdeCosh|2 (c+dx)|-18a’bdfxCosh[2 (c+dx) ]| -2a*fCosh[3 (c+dx)] -
(—b+m) ecrdx (—b+m) ecrdx (—b+m) ecrdx
| -72b% c fLog[1+ | -36ia’bfrlog[l+

a a a

(~b+/aT b7 | ecidn (b /a5 ) et

72a’bcfLog[l+

361 b frlog|l+ | -72a?bd fxLog[1+ | -72b>d fxLog|[1+ ] -
a a a
ib ib
1+? (—b+\/a2+b2)ec*dx \/1+? (—b+\/a2+b2)e“dx
144 i a® b f ArcSin[ ————| Log[1+ | -144i b® f ArcSin[ ———] Log[1+ ] -
V2 a V2 a

(bm/W) ecrdx (mm) ecrdx (b+m) ecrdx
| -72b% c f Log[1- | -36ia’bfrlog[l- |-

a a a

b+m) ecrdx (mm) ecrdx (b+m) ecrdx
| -72a’bd fxLog|1l- | -72b>d fx Log|1-

a a a

72a’bcfLog[1l-

36 b*frLog|1- (

} +

| 29
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ib ib
1+ a <b+\/a2+b2>ec*dx 1+ a (b+\/az+b2>ec*dx
144 i a’ b f ArcSin[ ——— | Log[1 - | +144 i b? f ArcSin| ———] Log[1 - ] -
A2 a A2 a

72a’bdelog[b+aSinh[c+dx]] -72b3delog[b+aSinh[c+dx]] +361a’bfrLog[b+aSinh[c+dx]] +361b3>FfrLog[b+aSinh[c+dx]] +

| +72b% c f Log[1 -72b (a®+b?) fPolylLog|2 (b_m)em -
b g1+ b ] (a%+ b?) olylLog|2, - ]

(b+m) ecrdx

a

aSinh[c+dx] aSinh[c+dx]

72a’bcfLog[l+

72b (a?+b?) fPolylog|2, | +54a*desinhc+dx] +72ab?deSinh[c+dx] +54a>d fxSinh[c+dx] +

72ab’d fxSinh[c+dx] +9a’bfSinh[2 (c+dx)|+6a’desSinh[3 (c+dx)]|+6a’dfxSinh[3 (c+dx)]

Test results for the 83 problemsin "6.6.2 (e x)*m (a+b csch(c+d x*n))*p.m"

Problem 5: Result more than twice size of optimal antiderivative.
Jx (a+bCsch[c+dx?]) dx
Optimal (type 3, 26 leaves, 4 steps):

ax? bArcTanh [Cosh[c+dx?]]
2 2d

Result (type 3, 57 leaves):

ax? b Log[Cosh|[$ + %H ) bLog[Sinh[iJr%H

2 2d 2d

Problem 10: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Jx3 (a+szch[c+dx2])2d1x

Optimal (type 4, 108 leaves, 10 steps):
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a?x4 2abx?ArcTanh[es*¥| b2x2Coth[c+dx?] b?Log[Sinh[c+dx?]] abPolylog[2, -e<?¥| abPolyLog[2, e*dx]
- - + - +

4 d 2d 2 d? d? d?

Result (type 4, 598 leaves):

b2 x? Coth[c] (a+bCsch[c+dx?])?sinh[c+dx?]? ) x2Csch[§] (a+szch{c+dx2])2Sech[§] (-2b2Cosh[c] +a?dx?Sinh[c]) Sinh[c+dx?]? )
2

2

2d(b+aSinh[c+dx2” 8d(b+aSinh[c+dx2])

(b2 Cschic] (a+szch[c+dx2])2 (-dx*Cosh[c] + Log[Cosh|[dx?] Sinh[c] + Cosh[c] Sinh[dx?] ]| Sinh[c]) Sinh c+dx2]2)/

b2 x2 Csch[ <] Csch[ < + M] <a+szch[c+dx2])2Sinh[M} Sinh{c+dx2]2
(Zd2 (-Cosh[c]? +Sinh[c]?) (b+aSinh[c+dx2”2) + 2 22 2 _
4d (b+asinh[c+dx?])?
b2 x2 (a+szch[c+dx2”2$ech{ﬂ Sech[§+dzi] Sinh[%} Sinh{c+dx2]2 ) 1
4d (b+asinh[c+dx?])? d? (b+asinh[c+dx?])?

d x?

2 ArcTan 2 } ] ArcTanh[Tanh[c]]
_ 2,64 2
ab (a+szch[c+dx2})ZSinh[c+dx2]2 - Coshle]”-Sinh el -
\/—Cosh[c]2+Sinh[c]2

[ Cosh[c]+Sinh[c] Tanh{

1 i (j_ (d x2 + ArcTanh [Tanh[c] ] ) (Log [1 _ed x2-ArcTanh[Tanh[c]] ] - Log [1 +ed x2-ArcTanh[Tanh[c]] ] ) .

1-Tanh[c]?

i (PolyLog [21 _ed x?-ArcTanh[Tanh[c]] ] ~ PolyLog [2’ e d x?-ArcTanh[Tanh[c]] ] ) ) Sech[c]

Problem 13: Attempted integration timed out after 120 seconds.

bCschlc+dx?])?
J(a+ schfc+ x]) i

X

Optimal (type 9, 20leaves, 0steps):

(a+szch[c+dx2”2

Unintegrable | » X]

X

Result (type 1, 1leaves):

???
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Problem 18: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

3

J X dx
a+bCschlc+dx?]

Optimal (type 4, 225leaves, 11 steps):

2 ectd x2

bx? Log |1+ bx2 Log |1+ aecrd | bpolylog|2, - aerdd | bPolylog|2, - —aei?
x4 b-+/ a2+b? b+ a?+b? b-+/ a?+b? b+ a?+b?
— - + - +
4a 2aa2+b? d 2a+/a2+b? d 2a+/a?+b? d? 2a+/a?+b? d?

Result (type 4, 1321 leaves):
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x*Csch[c+dx?] (b+aSinh[c+dx?]) 1

+

4a(a+szch[c+dx2” 2ad? (a+szch[c+dx2})

) —a+bTanh[§ (c+d xz)]
lnArcTanh[ ] (—ja+b)Cot[i(—J’lc+§—1'ldxz)}

bCsch[c +dx?] atb? + ! 2 (71'1c+ T o idx? ArcTanh | ] -
\a? b2 A -a? - p? 2 \—a? - b?
: “ija-b)Tan[i [-ic+Z_-idx?
2(—ic+Ar‘cCos[—ﬂ]JAr‘cTanh{( ) {2( 2 )]]+
a Nerrar=s
. —ia+b)Cot[Y(-ic+Z-idx? ~ia-b)Tan[Y (cic+Z-idx?
Ar‘cCos[—g]—Zj Ar‘cTanh[< ) [2( 2 H}Ar‘cTanh[< ) [2( 2 )H
d 1/7327[)2 7asz2
V_aZ_b? e—%i(—jm;—‘—idxz)
Log| | +
V2 V/-ia \/b+aSinh[c+dx2}
: ~ia+b)cCot[t(-ic+Z-idx? ~ia-b)Tan[Y (-ic+Z-idx?
Ar‘cCos[—H]+21 Ar‘cTanh[< ) [2( 2 )H—Ar‘cTanh[< ) [2( 2 )H
a V-a?-b? V-a?-b?
AP e [ricri-id?) : —ia-b)Tan[% (-ic+Z-1idx?
Log| bt e : |- Ar‘cCos[—H]JrZJiAr‘cTanh[ ) [2( 2 )]}J
V2 \/“ia +[b+asinh[c+dx?] a Va2 b2

i(b-iv-a?-b7| (-ia+b-V-a?-b? Tan[} [-ic+Z-1dx)]]
af-ia+b+y/-a?-b? Tan[2 [-ic+Z-idx?)]]

(-ia-b) Tan[L [-ic+Z-idx] i(b+iv-aZ b7 | (-ia+b-/-a?-b? Tan[} (-ic+Z-idx?)]]
V-a2 b a(-ia+rb+y/-a?-b? Tan[} (~ic+Z-idx?)]]

i(b-iv-a?-b? | (-ia+b-/-a?-b? Tan[} (-ic+Z-idx?)]]
al-ia+b+/-a?-b? Tan[} (-ic+Z-idx?)]]

Log[l— ] + —Ar‘cCos[—

] +

ib
a

2 i ArcTanh|

]

Log[1 -

|+

i |PolyLog [2,

] -

i (b+jm) (7]ia+b7\/WTan[i (7]‘1c+§7
a(—1‘1a+b+\/—a2—b2 Tan[i (—ic+§—idx2)])

PolyLog|2,

.dxm}” (b+asinh[c+dx?])
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Problem 24: Attempted integration timed out after 120 seconds.

4

J X dx
(a+szch[c+dx2])2

Optimal (type 9, 20leaves, 0 steps):

a4
Unintegrable | X » X]
(a+bCsch[c+dx?] )2

Result (type 1, 1leaves):

?P?

Problem 26: Attempted integration timed out after 120 seconds.

2

J X dx
(a+szch[c+dx2])2

Optimal (type 9, 20leaves, 0steps):

x2

Unintegrable| » X]

(a+szch[c+dx2”2

Result (type 1, 1leaves):

2P

Problem 28: Attempted integration timed out after 120 seconds.

J ! dx
X (a+szch[c+dx2])2

Optimal (type 9, 20leaves, 0steps):
1

Unintegr‘able[ ) x}

X (a+szch[c+dx2])2

Result (type 1, 1leaves):
22?
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Problem 29: Attempted integration timed out after 120 seconds.

J ! dx
x2 (a+szch[c+dx2])2

Optimal (type 9, 20leaves, 0 steps):

. 1
Unintegrable | » X]

x2 (a+szch[c+dx2])2

Result (type 1, 1leaves):

???

Problem 30: Attempted integration timed out after 120 seconds.

J = dx
x3 (a+szch[c+dx2])2

Optimal (type 9, 20leaves, 0steps):
1

Unintegrable| , X]

x3 (a+szch{c+dx2])2

Result (type 1, 1leaves):

2P

Problem 38: Result more than twice size of optimal antiderivative.

Jx (a+szch[c+d\/?])2dlx

Optimal (type 4, 287 leaves, 18 steps):

2b2x¥2  a?x2 8abx¥?ArcTanh[e*dVx ] 2b2x*2Coth[c+d+/x | 6b2xLog[1—e2(c*dw)]
- + - - + —

d 2 d d d?

12abxPolylog[2, -edVx | 12abxPolylog[2, e=4Vx | 6b2+/x Polylog[2, e2(““¥*|] 24ab+/x Polylog[3, -4 Vx|
+ + + -

d? d? d3 d3

24ab+/x Polylog|3, edVx | 3b2Polylog|3, e (exa ] ] 24abPolylLog[4, -e<¢Vx| 24abPolyLog[4, ecdVx |
- - +
d? d4 d4 d4
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Result (type 4, 591 leaves):
a?x? (a+bCsch[c+d/x || sinh[c+dvx|?
2 (b+asinh[c+d x|}’

1
¢* (b+asinh[c+d/x ||’

12bd?xLog[1+edVX | ~aad®x*/2Log[1+edVX | ~6bd?xLog[ 1+e? V)] 12 (-bd+/x +ad?x) PolyLog[2, ~e=dV* ]+
12 (bd/x +ad?x| Polylog[2, e“dV* | +24ad/x Polylog[3, -e*®V* | ~24ad/x PolyLog[3, e=d ¥ | -
(3, e (€4

+

3 .2 3/2
b (a+szch[c+d\/?})2 (4bdecx+12bd2xLog[1ec*d\/7] +4ad3x3/2|_og[17ec+d\/7} .

-1+ e3¢

3bPolylog - 24 aPolylog|4, —ec*dﬁ} +24 aPolylog|4, e‘*dﬁ] ] Sinh[c+d/x | 2,

b2x3/2Csch[§]Csch[§+Q2£} (a+szch c+d\/— )251nh c+d\/_} Slnh[‘bz&}

d(b+a51nh c+d\/_)2 _

b2 x3/2 (a+szch[c+d\/;])ZSech[§] Sech[§+ %} Sinh[c+d\/;}zsinh[%}

d (b+asinh[c+dx )’

Problem 39: Attempted integration timed out after 120 seconds.

J(a+szch[c+dx/?])2

X

dx

Optimal (type 9, 22leaves, 0steps):
[ (a+szch[c+d\/;])2

X

Unintegrable

, x]

Result (type 1, 1leaves):

???

Problem 49: Attempted integration timed out after 120 seconds.

1
dx
Jx (a+szch[c+d\5])2

Optimal (type 9, 22leaves, 0steps):
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Unintegr‘able[ ! B x]

X (a+szch[c+d\/;])2

Result (type 1, 1leaves):
22?

Problem 50: Attempted integration timed out after 120 seconds.

J L i
x2 (a+szch[c+d\/;])2

Optimal (type 9, 22leaves, 0steps):

Unintegrable| ! » X]

x2 (a+szch[c+d\/?”2

Result (type 1, 1leaves):
22?

Problem 57: Result more than twice size of optimal antiderivative.

J\/; (a+szch[c+d\/Y])2d1x

Optimal (type 4, 209 leaves, 15 steps):

2b%x
d

8abxArcTanh[e<dVX | 2b2xCoth[c+d+/x | 4b2+/x Log[l-e’ (c*dw)] 8ab+/x PolylLog|[2, -edVx |
_ N _
d d d? d?

2
LS a2y32
3

+

8ab+/x Polylog[2, Vx| 2b2Polylog|2, e’ (“dﬁ)} 8abPolylog[3, -e<*dVx ] 8abPolylLog|3, e dVx ]
+ + -

d? d3 d3 d3

Result (type 4, 470leaves):
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2a2x32 [a+bCsch[c+dvx ])>sinh[c+d/x |?
( [ ]) [ ] + ! 2b(a+szch[c+d\/;])2
3(b+asinh[crdvx ]|’ ¢ (b+asinh[c+d/x ||°
2 .2
(72bd ezcx+2ad2xLog[17ec*dW] 72ad2xLog[1+ec*dW] +2bd\/?Log[17e2(c+dﬁ)} ~4ad+/x Polylog|2, —ec*dﬁ] +
-1+e°€

4ad+/x Polylog|2, @“dﬁ] +bPolylog|2, e’ (Gdﬁ)} +4aPolylLog|3, —e“*dﬁ} -4 aPolylog|3, ec*dW}J Sinh[c+dx/?]2+

b? x Csch| <] Csch[§+d42£] (a+szch[c+dW})25inh[c+d\/;]zsinh[$2£]

c
2
d (brasinh[crdvx])®

b2 x (a+szch[c+d\/Y])ZSech{ }Sech{§+ﬂ] Sinh[c+dW]ZSinh[$2£]

<
2 2

d (b+asinh[csdvVx])®

Problem 69: Attempted integration timed out after 120 seconds.

[
x3/2 (a+szch[c+dW])

Optimal (type 9, 24 leaves, 0steps):
1

x3/2 (a+szch[c+d&”2

Unintegrable| » X]

Result (type 1, 1leaves):
22?

Problem 70: Attempted integration timed out after 120 seconds.

J ! 2dlx
X572 (a+szch[c+d\/7])

Optimal (type 9, 24 leaves, 0steps):
1

x5/2 (a+szch[c+dﬂ”2

Unintegrable| » X]

Result (type 1, 1leaves):
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222
Problem 74: Unable to integrate problem.
J(ex)‘““ (a+szch[c+dx”]) dx

Optimal (type 4, 197 leaves, 11 steps):

a(ex)3n 2bx™ (ex)3"ArcTanh|[e“ x| 2bx2" (ex)3"PolylLog[2, -e*9¥"]

N
3en den d’en
2bx2" (ex)3"Polylog[2, e*4X"| 2bx3" (ex)3"PolylLog[3, -e*dX"] 2bx3" (ex)3"PolylLog|3, e*4X"]
. _
d’en d*en d*en

Result (type 8, 24 leaves):

J(e x) 13" (a+bCsch[c+dx"]) dx

Problem 76: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(ex)’l*zrl (a+bCsch[c+dx"] )zdlx

Optimal (type 4, 198 leaves, 11 steps):

a? (ex)2" 4abx ™" (ex)2"ArcTanh[e<dX"|  p2x" (ex)2"Coth[c +dx"]
2en ; den } den :
b2 x~2" (ex)2" Log[Sinh[c+dx"]] 2abx 2" (ex)2"PolylLog|2, -e*?X"| 2abx 2" (ex)2"PolylLog[2, e<*4X"|
d2en - d2en " d’en

Result (type 4, 696 leaves):



40 | 6.6 Hyperbolic cosecant.nb

b2 x> " (e x) 12" Coth[c] (a+bCsch[c+dx"] )ZSinh[Cerx“}2

N
dn (b+aSinh[c+dx”])2
x1-n (ex)*l*Z"Csch[i] (a+szch[c+dx”})ZSech[ﬂ (-2b%Cosh[c] +a?dx"Sinh[c]) Sinh[c+dx"]?

4dn (b+aSinh[c+dx”])2

(b2 x172" (e x)1*2" Cschc) <a+szch[c+dx"])2 (-dx"Cosh[c] + Log[Cosh[dx"] Sinh[c] + Cosh[c] Sinh[dx"]] Sinh[c]) Sinh[c+dx”}2)/

b2 x1 " (ex) 12N Csch[ <] Csch| € + @] (a+bCsch[c+dx"] >ZSinh{ﬁ] Sinh[c +dx"]2
(dn (~Cosh[c]?+Sinh[c]?) (b+asSinh[c+dx"])?) + 2 2 2 ) )
2dn (b+aSinh[c+dx"])?

n

b2 x1-" (e x)-1+2n (a+szch[c+dx”])ZSech[§] Sech[§+ d;"} Sinh[ 9] sinh[c+dx"]?

X
2

+

2dn (b+aSinh[c+dx"])?
2 ArcTan e | ArcTanh[Tanh[c]]
2abxi2n (ex) t+2n (a+szch[c+dx”])ZSinh[c+dx”}2 - ~Coshic]®+sinh[c)? _
\/—Cosh[c]2+sinh[c]2

[ Cosh[c]+Sinh[c] Tanh {

1 i (j_ (d x" + ArcTanh [Tanh [C] ] ) (Log [1 _ e—d x"-ArcTanh [Tanh[c]] ] _ Log [1 ¥ e—d x"-ArcTanh [Tanh[c]] ] ) N

1-Tanh[c]?

i (Polylog[2, - dXArcTanhiTanhic]1] _polylog[2, e dX"ArcTanhiTanh(c]]) ) sechc] / (d®n (b+asinh[c+dx"])?)

Problem 77: Attempted integration timed out after 120 seconds.
J(ex)’l*3n (a+szch[c+dx”])2d1x

Optimal (type 4, 344 leaves, 16 steps):

a2 (ex)3" b2x" (ex)3" 4abx™" (ex)3"ArcTanh|[e“?X"| p2xn (ex)3"Coth[c+dx"]
- - - +

3en den den den
2b2x 2N (ex)3n Log[l—‘e2 (C*dx">] 4abx2" (e x)3”PolyLog[2, —ec*dx"] 4abx2" (e x)3“PolyLog[2J ec*dxn]
d’en d?2en : d?en '
b2x 3" (ex)3"Polylog[2, e?(<*dX")| 4abx3" (ex)3"PolyLog[3, -e<"dx"] 4abx3" (ex)3"Polylog[3, e "]
. _

d®en d®en d®en
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Result (type 1, 1leaves):
22?

Problem 79: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(ex)—1+2n
J dx
a+bCschc+dx"]

Optimal (type 4, 291 leaves, 12 steps):

b x-N (eX)Zn Log[1+ 3 ecrdx" ] b x " (ex>2n Log[1+ a ectdx” ]
(ex)2n b-+/ a?+b? b+ a%+b?
_ + _
2aen ava?+b?2 den avaZz+b? den
bx2" (ex)2"PolyLog[2, - 2<% bx2" (ex)2" Polylog[2, - 2=
{ ’ b-~/ a?+b? ] [ ’ b++/ a%+b? ]

aVa?+b? d2en ava?+b? d?2en
Result (type 4, 1347 leaves):
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X (ex) 2" Csch[c+dx"] (b+aSinh[c+dx"])

2an (a+bCschlc+dx"]) '
i 7 ArcTanh [ —a+b Tanh“— <c+d x"” ]
Z+Z
! bx'2" (ex) 2" Csch[c+d x"] — — 2(—ic+£—jdx”
adzn(a+szch[c+dx”]> VaZ+b? “ a2 _p2 2
—ia+b)Cot[Y(-ic+Z_idxn . ~ia-b)Tan[Y (cic+Z-idxn
A'"CTa”h[< | [2( : )}]2(1‘1c+Ar‘cCOS[lb})Ar‘cTanh[< ) [2( : H}+
-a?-b? a —a2-p?
: ~ia+b)cCot[i(-ic+Z_idxn “ia-b)Tan[Y (-ic+Z_idxn
Ar‘cCos[—H]—Zi Ar‘cTanh[< ) [2( 2 )H—Ar‘cTanh[< ) [2( 2 )HJ]
a a2 - b? -—az-p?

me—gi(fju%—idx")
Log | |+
\E\/—J’la \/b+aSinh[c+dx“]

. ~ia+b)Cot[L(-dic+Z-idxn ~ia-b)Tan[Y (-dic+Z-idxn
ArcCos}H] +21i Ar‘cTanh[< ) [2 ( 2 H ] 7Ar'cTanh[< ) [2 ( 2 H}
a N e

) [ m e%j (71 c+2—1’1dx“) }
og -
V2 /-ia v/b+aSinh[c+dx"]
Ji(b—i\/—az—bz) (—Jia+b—\/—a2—b2 Tan[%(—ic+§—idx”)”

a(—1‘1a+b+\/—a2—b2 Tan[%(—jc+§—jdx”)])

ArcCos [— ] + 2 1 ArcTanh [

ib (iab)Tan[i(jCJr’szdx“)]}]

1/75‘27bz

Log[1 - | +|-ArcCos |-

|+

ib
a

(-ia-b) Tan[i (7]1C+§—jdxn)]

i <b+i\/—az—b2) (—J‘la+b—\/—a2—b2 Tan[i (—1’1c+§—jdx”

2 1 ArcTanh [

]

Log[l—

V -a? - b? a (—1‘1a+b+x/—a2—b2 Tan[i (—J’lc+§—jdx”)})
i (b—]’l\/—az—bz) (—J‘la+b—\/—a2—b2 Tan[i (—ic+§—idx“)])
a (—J‘la+b+\/—a2—b2 Tan[%(—ic+§—idx”)”

i [Polylog|2,

] _

i (b+1’1\/—a2—b2) (—J’la+b—\/—a2—b2 Tan[%(—jc+§—idx"
a(—ja+b+\/7a27b2 Tan[i (7jc+§fjdx”)])

PolylLog [2,

)]) }J] (b+asinh[c+dx"])



Problem 80: Unable to integrate problem.

dx

(e X) -1+3n
Ja+szch[c+dx”]
Optimal (type 4, 428 leaves, 14 steps):

c+d x"
bx™" (ex)3"Log|1+ 2= bx™" (ex)3"Log |1+
[ [ b++/ a2+b?

a ectdx”
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a ectdx”

2bx2" (ex)3"PolylLog|2, -
[ b-+/ a?+b?
c+d x"

+

(ex)3“

b-+/ a?+b?
- +
avaZz+b? den avaZz+b? den

3aen

2bx2" (ex)3" PolyLog[Z, -

b++/ a%+b?

ae

a ec+d><" 3n 3n
2bx (ex)>"PolylLog|3, -
} [ ’ b-+/ a?+b?

avaZz+b? d?en
ae

2bx3" (ex)3"PolylLog|3, - 2=——
[ ’ b++/ a%+b?

avaZ+b? d®en

c+d x"

+
avaZ+b? d?en avaZ+b? d®en

Result (type 8, 26 leaves):

(ex)—1+3n
J dx
a+bCschc+dx"]

Problem 82: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

dx

J\ (eX>—1+2n
(a+bCschic+dx"])?

Optimal (type 4, 681 leaves, 23 steps):

c+d x"

3 ectdx"

c+d x"

b3x " (ex)2"Log[1+ —2¢ 2bx ™" (ex)2"Log[1+

b~/ a%+b? }

b3x " (ex)2"Log[1+ aet? 2bx ™" (ex)2"Log[1+ —2¢
(ex)2n b/ a2+b? b-+/ a2+b? b/ a2+b?
+ - - +
2a%en a? (a2+b2)*?den a2/aZ+b? den a’ (a?+b?)**den a?+a?:+b? den
b3 x 2" (e X)Z”PolyLog[Z, o —aetX ] 2bx2" (e x)Z”PolyLog[Z, _aett
b2x 2" (ex)2"Log[b+aSinh[c+dx"]] b~/ a2+b? b-+/ a?+b?
. _ _
a? (a?+b?) d?en a2 (a2+b2)3/2d2en a2+/a?+b% d2en
— 2bx72" (ex)?"Polylog[2, - 2
b2 x™" (ex)2"Cosh[c+dx"]

ae

b3x 2" (ex)2"PolylLog|2, -
[ b+ a2+b?

b++/ a2+b?

Ca (a2+b?) den (b+aSinh[c+dx"])

+
a?+/a?+b% d2en

a2 (a2+b2)3/2d2en

Result (type 4, 3256 leaves):

<
2

b2 x* ™ (ex) 12" Csch[ <] Csch[c+dx"]2Sech[<] (bCosh[c] +aSinh[dx"]) (b+aSinh[c+dx"])
N

<
2

2a? (a?2+b?) dn (a+szch[c+dx"}>2

+
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b2 x}" (ex) 2" Coth[c] Csch[c+dx"]2 (b+aSinh[c+dx"])?

a? (a?+b?) dn (a+bCschic+dx"])?
a-bTanh| 2 (c+dx")
e b2
a2+/-a2 - b2 (a2 +b2) d?n (a+bCschic+dx"])?

2

2b3x12" (ex) 12" ArcTan| | Coth[c] Csch[c+dx"]2 (b+aSinh[c+dx"])

1
(a2 +b?) d?n (a+szch[c+dx”1)2

2bx'2" (ex) 2" Cschlc+d x“]2

—a+bTanh[§(c+dx”)}]
~/ a2+b? 1
S e

jurAr‘cTanh[ 7ja+b)Cot[i(fjc+§—jdX”H

NEpory

ArcTanh | | -

7
2(—Jic+——1'1dx”
2

—J‘la—b) Tan[i (—jc+§fjdxn)]

] +

1b
2 (—J‘L C +ArcCos[—f]] Ar‘cTanh[

a 7a27b2
: ~ia+b)cCot[t(-ic+Z_idxn “ia-b)Tan[Y (-ic+Z_idxn
Ar‘cCos[—ﬁ]—Zi ArcTanh | ) [2( 2 )H—Ar‘cTanh[< ) [2( 2 )H
a —aZ_p? -a2-b?
me—gi(—jug—idx")
Log | |+
\E\/—J’la \/b+aSinh[c+dx“]
. —ia+b)Cot[Y(-dic+Z-idxn —ia-b)Tan[Y (cic+Z-idxn
Ar'cCos[fg]Jij Ar‘cTanh[< ) [2( 2 H}Ar‘cTanh[< ) [2( )HJ]
a a2 —b? —a? - b2

J_a?_b? eifj (71 c+§—1’1dx”)

Log| |-
V2 +/-ia vVb+aSinh[c+dx"]
j(b—im) (—Jia+b—\/WTan[%(—ic+§—idx”)”

a(—1‘1a+b+\/—a2—b2 Tan[%(—ic+§—idx”)])
(—J’la—b>Tan[i(7ic+§fjdx”)] j(bﬂi\/ﬂ) (J’la+b\/ﬁTanB(jc+’;jdx”)])]

v -a? - b? a(—1‘1a+b+\/—a2—b2 Tan[i(—jc+§—jdx“)})
i(b—]’l\/—az—bz) (—J‘la+b—\/—a2—b2 Tan[i(—jc+§—idx“)])

a(—1‘1a+b+\/—a2—b2 Tan[%(—jc+§—idx”)”

ArcCos [ -

ib
—] +21 Ar‘cTanh[
a

*/7asz2

Log[1 - | +|-ArcCos |-

|+

ib
a

2 1 ArcTanh [

] Log[l—

+

i [Polylog|2,

] _
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i (b+j\/—a2—b2) (—Jia+b—\/—a2—b2 Tan[i(—jc+§—idx”

PolyLog|2, )])} (b+aSinh[c+dx"])2+
a (7ja+b+\/fa27b2 Tan[% (7jc+§fjdx“)])
i 7 ArcTanh [ —a+bTanh[; (c+d x"” }
1 b3 x1-2n (ex)‘l*z”Csch[Cerx”}2 il +
a? (a?+b?) d*n (a+bCsch[c+dx"])? /a2 + b2

1 ~iasb)Cot[l (~iceZ-idx")]

*/7a27b2

Ar‘cTanh[

] -

7
2(—]’1c+f—jdx”
2

—a%-b?

(-ia-b) Tan[i (7jc+§fjdx”)]

] +

ib
2 {711 C +Ar‘cCos[7*]J ArcTanh |
a

7asz2
. ~ia+b)Cot[L(-dic+Z-idxn ~ia-b)Tan[Y (-dic+Z-idx"
Ar‘cCos}H]ij ArcTanh | ) [2( 2 H}Ar‘cTanh[< ) [2( 2 )HJ]
a —a%-p? _32 _ b2
NErrys e—%i (—]i c+§-1dx")
Log| ] +
V2 +/-ia Vb+aSinh[c+dx"]
. —ia+b)Cot[Y (-ic+Z_idxn —ia-b)Tan[Y (cic+Z-idxn
Ar‘cCos[—E]JrZJi Ar‘cTanh[< ) [2( 2 M}Ar‘cTanh[< ) [2( H}
a \/ﬂ —_a2_p?

NEpraey e%j (71 c+§—idx”)

Log| |-
2 A/-ia Vb+aSinh[c+dx"]
i(b-iV-a?-b7| (-ia+b--a2-b? Tan[l [-ic+Z-idx")])

a(—ila+b+\/WTan[§(—J‘lc+§—idx”>])
—ja—b>Tan[i(—ic+§—jdx”)] Ji(bﬂi\/—az—bz) (—J'1a+b—\/—a2—b2 Tan[i(—J'1c+’2T—J'1dx")])]+
v -a?-b? a(—ja+b+\/—a2—b2 Tan[%(—ijrffjdX”)})
j(bfj\/faszz) (7ja+b7\/fa27b2 Tan[i(fjurgfjdx“)])
a(—ja+b+\/—a2—b2 Tan[i(—jc+§—jdx“)”

ArcCos [ -

ib
7] +21 Ar‘cTanh[
a

(-ia-b) Tan[% (—jc+’;—jdx”)]}
\V-a2-b2

Log[1 - | +|-ArcCos |-

|+

ib
a

2 1 ArcTanh [

]

Log[l—

i [Polylog|2,

] _
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i (b+j\/—a2—b2) (—Jia+b—\/—a2—b2 Tan[i (7]11C+§7]'den
a (7ja+b+\/fa27b2 Tan[% (7jc+§fjdx“)])

Polylog [2,

)]) }J] (b+aSinh[c+dx"])2+

x1-n (ex)’l*Z”Csch[g] Csch[c+dx”]25ech[5] (-2b*Cosh[c] +a*dx"Sinh[c] +b>dx"Sinh[c])
2 2

(b+aSinh[c+dx””2)/

(4a2 (a®>+b%) dn (a+bCsch|c+dx"] )2) - |b?x*¥2" (ex) 12N Csch(c]

Csch[c +dx”]2

dx"

[aCosh[C]+(*b+aSinh[c]) Tanh{ > ] ] Cosh[c]

2abArcTan

-b%-a2 Cosh[c]?+a? Sinh[c]?

-adx"Cosh[c] +alog[b+aCosh|[dx"| Sinh[c] +aCosh[c] Sinh[dx"]] Sinh[c] +

\/7b27a2 Cosh[c]? +a%Sinh[c]?

(bJraSinh[Cerx””2 /

2

(a (a®>+b%) d®>n (a+bCsch[c+dx"])* (-a®Cosh[c]? +a? Sinh[c]z))

Problem 83: Attempted integration timed out after 120 seconds.
J (ex>—1+3n dx
(a+bCschc+dx"])?

Optimal (type 4, 1218 leaves, 32 steps):
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ced x" c+dx"

2b2x2" (ex)3"Log[l+ 2=——] b>x™" (ex)3"Log[l+

(ex)3n b2 x ™" (ex)3" b-/a?ib? b-+/ a?+b? }

3a2en7a2<az+b2)den+ a? (a?+b?) d?en : az(a2+b2)3/2den i

ae

c+d x"

2bx™" (ex)3"Log[1l+ 2S——] 2b2x2" (ex)3"Log[1+ L] b>x™ (ex)3"Log |1+ et

b-+/ a2+b? b++/ a2+b? b++/ a2+b?

* - +
a?+/a2+b% den a’ (a®+b?) d2en 32 (az+b2)3/2den

crd x" crdx"

2bx ™" (ex)3"Log[1+ —2=——] 2b%x3" (ex)3"Polylog(2, - *=——] 2b3x2" (ex)3"Polylog|2, -

b++/ a2+b? b-+/ a%+b? b-+/ a%+b? ]

+ + -

a2v/aZ+b2 den a? (a2+b2)d3en a? (a2+b2)3/2d2en

4bx2" (ex)3"PolylLog|2, - 2&—— 2b2x3" (ex)3"Polylog|2, - 2¢—— 2b3x2" (ex)3"Polylog|2, - 25—
[ ’ b-+/ a%+b? } [ ’ b++/ a2+b? } [ ’ b++/ a2+b? }

+ - +

2+/a2+b2 d?en a’ (a?+b?) d>en a2 (a2+b2>3/2d2en

aetrdx"

3 ecrdx"

n n
ectdx ectdx

ectdx" ectdx" 3 ectdx"

4bx2" (e x)3”P01yLog[2, -2 2b3x3n (ex)3“P01yLog[3, -2 4bx3" (e x)3”PolyLog[3, -

b++/ a2+b? } b-+/ a%+b? } b-~/ a%+b? }

- + +
3/2
a2V/a2+b2 d2en a? (a?+b?)**d?en a?va?+b? d®en

n
a ecm X!

aet?s 4bx3" (ex)3" Polylog[3, -
b+n/ a%+b? b/ a%+b? b2 x™" (ex)3"Cosh[c+dx"]

a? (a2+b2)> 2 P en a2v/aZ:b? d*en a(a?+b?)den (b+aSinh[c+dx"])

2b3x3" (ex)3"Polylog|3, -

Result (type 1, 1leaves):

222

Test results for the 175 problems in "6.6.3 Hyperbolic cosecant functions.m"

Problem 1: Result more than twice size of optimal antiderivative.

JCsch [a+bx] dx

Optimal (type 3, 12leaves, 1 step):
ArcTanh[Cosh[a + b x]]
b

Result (type 3, 38 leaves):
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Log[cosh[3+ %¥]] Log[sinh[2+ ]|

b b

Problem 3: Result more than twice size of optimal antiderivative.
JCsch [a+bx]3dx
Optimal (type 3, 34 leaves, 2 steps):

ArcTanh[Cosh[a+bx]] Coth[a+bx] Csch[a+bx]
2b 2b

Result (type 3, 75leaves):

_Csch[i (a+bx)]2 ) Log[Cosh[i (a+bx)]] ) Log[sinh[i (a+bx)]] ) Sech[i (aerx)]2

8b 2b 2b 8b

Problem 5: Result more than twice size of optimal antiderivative.

stch[a +bx]°%dx

Optimal (type 3, 55leaves, 3 steps):
B 3 ArcTanh[Cosh[a+bx]] 3Coth[a+bx] Csch[a+bx] B Coth[a+bx] Csch[a+bx]3

+

8b 8b 4b

Result (type 3, 113 leaves):

3Csch[%(a+bx)}2_Csch[§(a+bx)]4 3Log[Cosh[%(a+bx)H 3Log[Sinh[%<a+bx)H 35ech[%(a+bx)]2

Sech[% (a+bx>]4

- + +

32b 64 b 8b 8b 32b

Problem 23: Result more than twice size of optimal antiderivative.

J(—Csch[x]2>3/2d1x

Optimal (type 3, 24 leaves, 3 steps):

1 1
= ArcSin[Coth[x]] + = Coth[x] A/ -Csch[x]?
2 2

Result (type 3, 51 leaves):

64b



8 2

Problem 24: Result more than twice size of optimal antiderivative.
J ~-Csch[x]? dx

Optimal (type 3, 3leaves, 2steps):
ArcSin[Coth[x]]

Result (type 3, 30leaves):

-Csch[x]? [—Log[Cosh[i]] + Log[Sinh[i] ]) Sinh[x]
2 2

Problem 54: Result more than twice size of optimal antiderivative.

1
J dx
va+1iaCschlc+dx]

Optimal (type 3, 91 leaves, 5 steps):
2ArcTanh[Mf“—dXL] \/2 ArcTanh| a Coth[c+dx]

\/2 +/a+iaCschlc+dx]
Va d Va d

Result (type 3, 254 leaves):

a+iaCschlc+dx]

V2 a

* [ csehix)? (Csch[i]2—4Log[Cosh[£H +4 Log[sinh[~]] +5ech[i]2) Sinh[x]
2 2 2
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2a (—2]3.\/;-%—\/113 (i+Csch[c+dx]) +i~a+iaCschlc+dx] )

Va Coth[c+dx] |v/2 ArcTan]| | -i |Log[-

\/ia (i+Cschlc+dx])

2ia (Zx/?ﬂi\/ja (i+Cschlc+dx]) +va+iaCschlc+dx]

Log|

vJa ++va+iaCschlc+dx]

Problem 55: Result more than twice size of optimal antiderivative.

1
J dx
(a+iaCsch[c+dx])??

Optimal (type 3, 123 leaves, 6 steps):

-v/a ++/a+iaCsch[c+dx]

|+

] /(d\/ja(j+Csch[c+dx]) va+iaCsch[c+dx]
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2Ar‘cTanh[ /a Cothlc+dx 5Ar‘cTanh[ a Cothlc+dx]
a+iaCschlc+dx] N2 +J/a+iaCschlc+dx] Coth[c +dx]
a**d 2+/2 a%2d 2d (a+iaCsch[c+dx])>?

Result (type 3, 380leaves):
V2 Va

\/Jia (i+Cschlc+dx])

i||a*2Coth[c+dx] |-41i+/2 ArcTan]|

]+

2

_j\/?\/?+Jia(i+Csch[c+dx}>)} s |Log]
_ og |-

va+1iaCschlc+dx] -/a ++/a+iaCsch[c+dx]

2a (—21‘1\/?+\/11a (i+Csch[c+dx]) +i+a+iaCschlc+dx]

V2 Log|-

|+

21ia (2\/;-%—]'].\/]'].3 (i+Csch[c+dx]) ++a+iaCsch[c+dx] )

]
a ++/a+iaCsch[c+dx] /

Log|

2a(Cosh[Y (c+dx i Sinh[L (c+dx
+ ( [2< ik e [2( . H) /(4a2d\/a+iaCsch[c+dx]
Cosh[%(c+dx)]—jsinh[i(c+dx)]

(Jia (i+Cschlc+dx])

Problem 57: Result more than twice size of optimal antiderivative.

1
J dx
va-1iaCschlc+dx]

Optimal (type 3, 91 leaves, 5steps):

_~/a Cothfcsdx]
2 ArcTanh [ —aCothledxl | /5" ArcTanh| a_Coth[csdx]
a-iaCschlc+dx] ﬁ\/m

Vad Vad
Result (type 3, 253 leaves):

2a(-2i+a + ~ia(-i+Cschlc+dx]) +i+a-1iaCsch[c+dx]
\/a Coth[c+dx] \/TAr‘cTan[ V2 Va ]_jl Log{— ( \/ )}+
\/—Jia(—jl+Csch[c+dx}> —\/?+\/a—j1aCsch[c+dx]
2ia 2\/?+j\/—ja(—j+Csch[c+dx]) +va-iaCschlc+dx]
Log| ] /(d\/a(—l—stch[c+dx1) vJa-1iaCsch[c+dx]

\Ja ++/a-iaCsch[c+dx]
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Problem 60: Result more than twice size of optimal antiderivative.

J\/—3+31'1Csch[x} dx

Optimal (type 3, 23 leaves, 2 steps):

—Z\EAPcTan[ Coth (x] }

A/ -1+1Csch[x]
Result (type 3, 67 leaves):
\/3 Coth[x] (Log[l—\/lﬂ'lech[x] | -Log[1++/1+1iCsch(x] ])

v-1+1iCsch[x] V/1+1iCsch[x]

Problem 61: Result more than twice size of optimal antiderivative.

j\/—3—3]’1Csch[x} dx

Optimal (type 3, 23 leaves, 2 steps):

—Z\EAPcTan[ Coth [x] }

\V-1-1Csch[x]
Result (type 3, 67 leaves):
\/3 Coth[x] (Log[l—\/l—iCsch[x] | -Log[1++/1-1iCsch(x] ])

\/-1-1iCsch[x] v1-1iCsch[x]

Problem 67: Result more than twice size of optimal antiderivative.

2
J Csch[x] dx

i+ Csch[x]

Optimal (type 3, 17 leaves, 3 steps):
Coth[x]

-ArcTanh[Cosh[x]] + ———————

i+ Csch[x]

Result (type 3, 46 leaves):

y - 21 sinh[%]
_Log[COSh[EH : Log[smh[g]] ) Cosh[*] +isinh[2]

X
2
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Problem 68: Result more than twice size of optimal antiderivative.

3
J Csch[x] dx

i+ Csch[x]

Optimal (type 3, 26 leaves, 4 steps):

. 1 Coth [x]
i1 ArcTanh[Cosh[x]] - Coth[x] - ————————
1+ Csch[x]
Result (type 3, 70 leaves):
2Sinh|%
L coth[X] v i Log[cosh[X]] - i Log[sinh[X]] - 2] L rann[X]
2 2 2 2 Cosh[ﬂﬂ'lSinh[f] 2 2

Problem 69: Result more than twice size of optimal antiderivative.
a4
J Csch[x] dx
i+ Csch[x]
Optimal (type 3, 37 leaves, 6 steps):

3 ' 3 Coth[x] Csch[x]?
— ArcTanh[Cosh[x]] +2 1 Coth[x] - — Coth[x] Csch[x] +
2 2 1+ Csch[x]

Result (type 3, 90 leaves):

X X2 X X X2 16 Sinh [ ] X
41iCoth[ =] -Csch[ =] +12Log[Cosh[~]] -12Log[Sinh|[=]]| -Sech[ =]+ 2 +41Tanh| =]
2 2 2 2 2 —iCosh[?] +Sinh[§} 2

8

Problem 70: Result more than twice size of optimal antiderivative.

J(a+szch[c+dx])4dlx

Optimal (type 3, 109 leaves, 6 steps):
2ab (2a%*-b?) ArcTanh[Cosh[c+dx]] b?(17a%-2b?) Coth[c+dX]
) d ) 3d )
4ab3Coth[c+dx] Csch[c+dx] b2Coth[c+dXx] (a+szch[c+dx])2
3d 3d

4

a’ X

Result (type 3, 567 leaves):
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a* (c+dx) (a+szch[c+dx])4Sinh[c+dx]4 1
+
d (b+aSinh[c+dx])* 3d (b+aSinh[c+dx])*
1

1(Cerx)]er“Cos;h[ (c+dx) ] Csch[1<c+dx)] (a+bCschic+dx])*sinhc+dx]*-
2 2 2

ab3Csch[% (c+dx”2 (a+bCschlc+dx])*sinh[c+dx]* b‘%oth{i (c+dx) ] Csch[% (c+dx”2 (a+bCschlc+dx])*sinh[c+dx]*
- +

2d (b+aSinh[c+dx])* 24d (b+asinh[c+dx])*

-9a%b? Cosh|

2 (-2a*b+ab?) (a+szch[c+dx])4Log[Cosh[§ (c+dx)H Sinh[c +dx]*

d (b+aSinh[c+dx])4

2 (-2a%b+ab?) (a+szch[c+dx])4Log[Sinh[i (c+dx)]]sinh[c+dx]* ab? (a+szch[c+dx])4Sech[i (c+dx)}zsinh[c+dx]4

- +

d (b+asinh{c+dx])* 2d (b+asinh{c+dx])*
! (a+chch[c+dx})45ech[1(c+dx)] -9a2bzsinh[1(c+dx)}+b451nh[1(c+dx)] Sinh[c+dx]*+
3d (b+aSinh[c+dx])* 2 2 2

b4 <a+bC5ch[c+dx])4Sech[§ (c+dx>]25inh[c+dx}4Tanh[i (c+dx”

24d (b+asSinh{c+dx])*

Problem 71: Result more than twice size of optimal antiderivative.
J(a+szch[c+dx})3d1x
Optimal (type 3, 75leaves, 5steps):

b (6a2—b2> ArcTanh[Cosh[c+dXx]] 5ab2Coth[c+dx] b?Coth[c+dx] (a+szch[c+dx])
2d 2d 2d

3

a” X -

Result (type 3, 151 leaves):

1
— —8a3c—8a3dx+12ab2Coth[

8d

(c+dx)H—

N |

(c+dx)] +b3’Csch[1 <c+dx)]2+24a2bLog[Cosh[1 (c+dx)]] -4b®Log[Cosh|
2 2

N |-

24a’b Log[Sinh|[ =~ (c+dx) ]| +4b?Log[Sinh[ = (c+dx)]] +b?Sech|

N |
N |
N |

(c+dx)]2+12ab2Tanh[1 <c+dx)]
2

Problem 72: Result more than twice size of optimal antiderivative.

a+bCsch[c+dx])?dx
I e dx)]

Optimal (type 3, 34 leaves, 4 steps):
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2abArcTanh[Cosh[c+dx]] b?Coth[c+dx]
d d

a? x

Result (type 3, 75leaves):

1 (c+dx)]-2a ac+adx—2bLog[Cosh[1 (c+dx)]] +2bLog[Sinh[l (c+dx)]] +b2Tanh[1

A A A 2(c+dx)]

1
——(bZCoth[
2d

Problem 73: Result more than twice size of optimal antiderivative.

j(a+szch[c+dx]) dx

Optimal (type 3, 17 leaves, 2 steps):
b ArcTanh[Cosh[c +d x]]
d

ax-

Result (type 3, 43 leaves):
btog[cosh[Z+ %¥]] blog[sinn[T . %]]

ax
d d

Problem 89: Result more than twice size of optimal antiderivative.

2
J Sech[x] dx

i + Csch[x]
Optimal (type 3, 19leaves, 6 steps):

1 3 1. 3
- —Sech[x]° - — i Tanh[x]
3

Result (type 3, 64 leaves):
-3+ Cosh[x] + Cosh[2x] -2 1 Sinh[x] + i Cosh[x] Sinh[x]

6 (Cosh[f} —iSinh[f]) (Cosh[f] +iSinh[§])3

Problem 91: Result more than twice size of optimal antiderivative.

Sech[x]*4
Ji dx
i+ Csch[x]

Optimal (type 3, 29 leaves, 7 steps):
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1 5 1 . 3 1 . 5
- —Sech[x]> - —1Tanh[x]” + — 1 Tanh[X]
5 3 5

Result (type 3, 96 leaves):
(-240 + 54 Cosh[x] + 32 Cosh[2x] + 18 Cosh[3 x] + 16 Cosh[4 x] - 96 & Sinh([x] + 18 i Sinh[2x] - 321 Sinh[3x] +9 i Sinh[4x] )/

(960 (Cosh[g} i Sinh[g])B

COSh[g] + jSinh[g])s)

Problem 103: Result more than twice size of optimal antiderivative.

4
J Tanh [x] dx

i + Csch[x]
Optimal (type 3, 52 leaves, 5steps):

1 1 1
-ix+— (151 -8Csch[x]) Tanh[x] + s (5i-4Csch[x]) Tanh[x}3+g (i -Csch[x]) Tanh[x]>
15

Result (type 3, 126 leaves):
(7200+6 (89—1201’1x) Cosh[x] -128 Cosh[2 x] +178 Cosh[3 x] - 240 1 x Cosh[3 x] - 184 Cosh[4 x] + 64 1 Sinh[x] +178 1 Sinh[2 x] +

X

X X4\ 3 X 5
240 x Sinh[2x] +128 i Sinh[3x] + 89 i Sinh[4X] +120x51nh[4x])/ 960 (Cosh[—] —JiSinh[—]) (Cosh[—] +1 Sinh| }) )
2 2 2 2

Problem 109: Result more than twice size of optimal antiderivative.

dx

J Coth[x]3

i+ Csch[x]

Optimal (type 3, 12leaves, 3 steps):
-Csch[x] - 1 Log[Sinh[x] ]
Result (type 3, 28 leaves):
1 X 1 X
-— Co‘th[*] -1 Log[Sinh[x]] + — Tanh[f]
2 2 2 2

Problem 110: Result more than twice size of optimal antiderivative.

4
J Coth[x] dx

i+ Csch[x]

Optimal (type 3, 27 leaves, 4 steps):
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1 1
-i x- = ArcTanh[Cosh[x]] + = Coth[x] (2i-Csch[x])
2 2

Result (type 3, 76 leaves):

1 X 1 X,2 1 X 1 X 1 X,2 1 X
—ix+=icCoth[2] - =csch[2]%- = Log[Cosh[Z]] + = Log[sinh[=]] - = sech[Z]*+ = i Tanh[ =
1x+21 0 [2] . sc [2} A og|Cos [2H+2 og[sin [2]] - ec [2} +21 an [2}

Problem 111: Result more than twice size of optimal antiderivative.
Coth[x]°
J SO ax
i+ Csch[x]
Optimal (type 3, 30leaves, 3steps):
B Csch[x]3

1
—-Csch[x] + — 1 Csch[x]?

-1 Log[Sinh[x]]
2

Result (type 3, 92 leaves):

5 X 1 . X.2 1 X X2 . 1 . X,2 5 X 1 X2 X
- —Coth[ =]+ =iCsch[~] - — Coth[ =] Csch[=]" - i Log[Sinh[x]] - = i Sech[~]"+ — Tanh[ =] - — Sech[ =] Tanh[~]
12 2 8 2 24 2 2 8 2 12 2 24 2 2

Problem 112: Result more than twice size of optimal antiderivative.
Coth[x]°®
J SO ax
1+ Csch[x]
Optimal (type 3, 43 leaves, 5steps):

3 1 1
-1 x - = ArcTanh[Cosh([x]] + — Coth[x]? (41i-3Csch[x]) + = Coth[x] (8i-3Csch[x])
8 12 8

Result (type 3, 140leaves):

Cixe 2icoth[X] - = cseh[ 2174 2 i coth[ 2] eseh[X]7 - csen[ 2] -

3 2 32 2 24 2 2 64 2
3 X 3 X 5 X2 1 X 4 2 X 1 X 52 X
~ Log[Cosh[ =] + = Log[sinh|[ =] - —sech[~]"+ —sech[>]|*+ ZiTanh[ =] - = isech|~]" Tanh[ >
5 og|Cos [2]]+8 og[sin [ZH » ec [2} +64 ec [2} +311 an [2} 241 ec [2} an [2}

Problem 122: Result more than twice size of optimal antiderivative.

Coth[x]°
Ji dx
a+bCsch[x]

Optimal (type 3, 70leaves, 3 steps):



6.6 Hyperbolic cosecant.nb | 57

(a?+2b?) Csch[x] aCsch[x]? Csch[x]3 (a2+b2)2Log[a+bCSch[XH Log[Sinh [x]]
- + - + +

b3 2 b? 3b a b? a

Result (type 3, 1801leaves):

X X
(—4ab (6a%+11b2) Coth| ] +6a2b2Csch|~|” - 48a* Log[Sinh([x]] -
48 a b* 2 2

96 a% b% Log[Sinh([x]] + 48 a* Log[b +aSinh[x]] +96 a>b% Log[b + aSinh[x]] + 48 b* Log[b + a Sinh[x]

]
6a’ bZSech[i}z—16ab3Csch[x]3Sinh[i]A—ab3Csch[i]ASinh[x] +24a3bTanh{i] +44 a b3 Tanh[i
2 2 2 2 2

]

Problem 124: Result more than twice size of optimal antiderivative.

Coth[x]7
Ji dx
a+bCsch[x]

Optimal (type 3, 119leaves, 3 steps):
(a*+3a?b?+3b*) Csch[x] a (a?+3b?) Csch[x]?

N
b° 2 b*
(a?+3b?) Csch[x]® acCsch[x]* Csch[x]® (a2+b2>3Log[a+szch[x]] Log[Sinh[x]]
+ - + +

3p3 4p? 5b ab® a

Result (type 3, 344 leaves):

! [—4ab (120 2% + 340 % b? + 309 b*) Coth[ | + 30.a2b? (422 + 11b?) Csch| ] -
960 a b® 2 2

960 a® Log [Sinh[x] ] - 2880 a*b? Log[Sinh[x]] - 2880 a® b* Log[Sinh[x]] + 960 a® Log[b + a Sinh[x]] +

412 . 2 1.4 . 6 . _ 4 12 i 27
2880 a”" b Log[b +aSinh[x]] + 2880 a“ b* Log[b + aSinh[x]] + 960 b® Log[b +aSinh[x]] -120a"b Sech[ }
2

33022 b* Sech| ~|* + 1522 b* Sech[ = |* - 320 2> b Csch[x]3 Sinh[ =] - 816 ab% Csch[x]3 Sinh[ ] ~3a b’ Csch[~]° Sinh[x] -
2 2 2 2 2
ab3 Csch[i}4 (-15ab+20a°Sinh[x] +51b?Sinh[x]) + 480 aSbTanh[i} +1360 a3 b? Tanh[i} +1236ab° Tanh[i] +6ab’ Sech[i}ATanh[i})
2 2 2 2 2 2

Problem 132: Result unnecessarily involves higher level functions.

X5
J dx
v/Csch[2 Log[c x] ]

Optimal (type 4, 81 leaves, 6 steps):
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2 x? x6 2 EllipticF[ArcCsc[cx], -1]

- + +
21 c*+/Csch[2 Lo 7+/Csch[2Lo
c*+/Csch[2 Log[c x] ] V/Csch[2Log[cx]] 17 ll_calxa x/Csch (2 Log[c x]]

Result (type 5, 81 leaves):

/% (275c4 x4 +3c8x8-2+/1-c*x? Hyper‘geometr‘icZFl[i—, i, i, c“x“])
-2+2c*x

21 c®

Problem 134: Result unnecessarily involves higher level functions.

3
J dx
v/Csch[2Log[c x]]

Optimal (type 4, 119leaves, 9steps):
2 x4 2 EllipticE[ArcCsc[c x], -1] 2 EllipticF[ArcCsc[cXx], -1]

+ - +

5c*+/Csch[2L 5+4/Csch[2L
c*VCsch(2 Log[cx]) VCsch(2 Log[cx]] 5 ¢S ,1_&1)(4 x+/Csch[2Log[cx]] 5¢c5 /1—c41XA x+/Csch[2 Log[c X] ]

Result (type 5, 76 leaves):

x2 | % (73 +3ctx4-21-cAxA Hyper‘geometricZFlE, i, i, ct x4 )
242 c*x

15 c?

Problem 136: Result unnecessarily involves higher level functions.

J X dx
v/ Csch[2Log[c x]]
Optimal (type 4, 60 leaves, 5steps):

x2 2 EllipticF[ArcCsc[cx], -1]

+

3+ Csch[2L
V/Csch[2Log[cx]] 3C3mxvcsch[2Log[CX}]

Result (type 5, 72leaves):
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/CZ—X:A (—1+c4x“—2\/1—c4 x* Hypergeometric2fFi[%, 2, 2, c4x4])
-2+2c¢c* X 4 2 4

3 ¢2

Problem 140: Result unnecessarily involves imaginary or complex numbers.

dx

J\/Csch[z Log[c x] ]

x3

Optimal (type 4, 74 leaves, 7 steps):

-c® |1- x v Csch[2 Log[cx]] EllipticE[ArcCsclcx], -1] +c3 [1-

c4 x4 c4 x4

x+/Csch[2Log[cx]] EllipticF[ArcCsc[cx], -1]

Result (type 4, 56 leaves):

2 s 4 T, = .
c?+/Csch[2 Log[c x] ] [—ElllpthE[——lLog[C x], 2] v/isinh[2Log[cx]] +Sinh[2Log[cx]]
4

Problem 142: Result unnecessarily involves higher level functions.

dx
5

J\/Csch[z Log[c X] ]

X

Optimal (type 4, 64 leaves, 5 steps):

3

1 1
=

1
r/Csch[2Log[cx]] - —¢c° [1- x/Csch[2 Log[cx]] EllipticF[ArcCsc[cx], -1]
3

x4 c* x4

Result (type 5, 81 leaves):

V2 | <X (—1+c4 X4+ et xA 1o A xA Hyper‘geometr‘icZFl[i, 12, ¢ x“])

k]
~1+ct x4 2

3 x4

Problem 144: Result unnecessarily involves higher level functions.

X7
J dx
Csch[2Log[cx]]3/?

Optimal (type 4, 118leaves, 7 steps):
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4 6 x* x8

4 EllipticF[ArcCsc[cx], -1]

i
1
XA

77 c* (c“f ) Csch[2Llog[cx]]3? 77 (c47

1
Result (type 5, 89 leaves):

/% (—4+17 cxt-20cBExB+7c2x2 41 -4 x4 Hyper‘geometriczFl[i, %,
—2+2C° X

) Csch[z Log[cx]}3/2 11CSCh[2 LOg[CX]]B/Z 77C11 (1_#

o 4)3/2 x3Csch[2Log[cx]]3/2
X

i’ 4 x4] )

154 c8

Problem 146: Result unnecessarily involves higher level functions.
XS

JCsch[Z Log[cx]]3/?

dx

Optimal (type 4, 162 leaves, 10 steps):

4 EllipticF [ArcCsc[cx], -1]

4 2 x2
- +
15 ¢4 (c“— %) x2Csch[2Log[cx]]3/2 15 (c“— %) Csch[2Log[cx]]3/2
X X
x® 4 EllipticE[ArcCsc[cx], -1]
N _
9Csch[2log[cx] ]2 159 (1— ﬁ)yz x3Csch[2Log[cx]]32 15c° (17 ;7)3/2

Result (type 5, 84 leaves):

x3Csch[2Log[cx]]3/?

x2 | % (11 ~16 ¢ x* + 5c8x® + 4~/1 - c* x* Hypergeometric2Fi| %, i, i, ct x4 )
=2+2C" X

90 c*

Problem 148: Result unnecessarily involves higher level functions.

3

j X dx
Csch[2Log[cx]]3/?

Optimal (type 4, 86 leaves, 6 steps):

2 x4 4 EllipticF[ArcCsc[cx], -1]
_ + _
7 (c“—%) Csch[2Log[cx]]32? 7Csch[2Llog[cx]]?? 57 (1,L)3/2
X ct x4

Result (type 5, 80leaves):

x3Csch[2Log[cx]]3/?
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c? x? A A A 88 A h ; 1 1 5 4.4
/_2+2c4x4 (3 4chx4 1 c8x8+44/1-cAx Hyper‘geometr‘1c2F1[4, s oa X ])

14 ¢4

Problem 150: Result unnecessarily involves higher level functions.

J X dx
Csch[2Log[cx]]3/?

Optimal (type 4, 130leaves, 9steps):

6 x? 12 EllipticE[ArcCsc[c x], -1] 12 EllipticF [ArcCsc[c x], -1]

+ - +

5 (c4— X%) x2Csch[2 Log[cx]]¥2 5Csch[2Lloglcx]]?*? g5 (1- C“1—4)3/2x3 Csch[2Llog[cx]]32 5c° (1- —)3/2 x3 Csch[2 Log[c x] ]3/2
X

1
x4

Result (type 5, 83 leaves):

/% (7—8c4 x*+cBxB-12+1-c* x4 Hyper‘geometr‘icZFl[—i, i, i, c4x4])
—2+2C° X

10 c* x2

Problem 154: Result unnecessarily involves higher level functions.

JCsch [2 Log[cx]]3/?
3

dx
X

Optimal (type 4, 69 leaves, 5 steps):
1

1 1
-= (c“—f) x?2Csch[2 Log[cx]]3?+ =¢® (1—
2 x4 2

3/2

1 3 3/2 R—_—
x> Csch[2 Log[c x]] EllipticF[ArcCsc[cx], -1]

c4 x4

Result (type 5, 66 leaves):

2 x?
-2 ¢? apmeenlll FTURVE c* x* Hypergeometric2Fi|
-1+c*x

Problem 159: Result more than twice size of optimal antiderivative.

, <4 xt]

) )

1
2

nR
A wn

JCsch[a +bLog|cx"] ]4d1x

Optimal (type 5, 68 leaves, 4 steps):
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4 4b ; 1 1 1 1 2 2b
16 e* x (c x")*” Hypergeometric2Fi |4, ) (4+ bn), ) (6+ bn), e2? (cx)??]

1+4bn

Result (type 5, 488 leaves):

(-1+4b?n%) xCsch[a+b (-nlLog[x] +Log[cx"])] Csch[a+bnLog[x] +b (-nLog[x] +Log[cx"|)]Sinh[bnLog[x]] +

6 b3 n3

A szch[a+b<—nLog[x}+Log[cx"])]Csch[a+anog[x]+b(—nLog[x]+Log[cx”})}3Sinh[anog[x}]—
3bn

5 2szc:h[aer(—nLog[x]JrLog[cx””]Csch[a+anog[x]+b(fnLog[x]+Log[cx”])]2

6 b*n

(2bncCosh[a+b (-nlLog[x] +Log[cx"|)] +Sinh[a+b (-nlLog[x] +Log[cx"])]) +

7a+b -nLog[x]+Log|cx"
! e o el (-1+4b>n*) Csch[a+b (-nLlog[x] +Log[cXx"]) |

6 b3n3 (1+2bn)

1 1
2+

2bn, 2bn

e(2+5y) (a+broglex]) Hypergeometric2F1[1, 1+ , 2 (asbLog[cx]) | sinh[a+b (-nLog[x] +Log[cx"])] +

a, mn Log[x] +Log[cx"]

e’ o (1+2bn) x |Cosh[a+b (-nLog[x] +Log[cx"])] +
Hypergeometric2F1[1, BT , @2 (a+anog[XJ+b(*nLog[XMLog[CX“]))] Sinh[a+b (-nLog[x] + Log|[c x“”]])

2bn’ 2bn

Problem 161: Result more than twice size of optimal antiderivative.

JCsch[aJrZLog[C\/;HBdlx

Optimal (type 1, 26 leaves, 3 steps):
2cbe?

22\ 2
Gy
X

Result (type 1, 62 leaves):
2 (Cosh[a] -Sinh[a]) (-2c*x?+Cosh[a]?-2Cosh[a] Sinh[a] +Sinh[a]?)

2 ((-1+c*x?) Cosh[a] + (1+c*x2) Sinh[a])?

Problem 162: Result more than twice size of optimal antiderivative.

JCsch[aJrZ Log[i] }3d1x
X

Optimal (type 1, 26 leaves, 4 steps):



Result (type 1, 65leaves):
2c® ((c*-2x%) Cosh[a] + (c*+2x?) Sinh[a]) (Cosh[2a] +Sinh[2a])

((-c*+x?) Cosh[a] - (c*+x?) Sinh[a})2

Problem 164: Result more than twice size of optimal antiderivative.

JCsch[a— M]pdlx
n (—2+p)

Optimal (type 3, 66 leaves, 3 steps):
1-e22 (cx") 7ﬁ) Cschla+ Lo—gm}p

(2-p) x n (2-p)

2 (1-p)

Result (type 3, 140leaves):

2ap

2P e 2 (-2+p) X

2ap 4a ; a(zp) n -2+
e e 20 (CXn>”(’2*p)] [ e -2p (Cx") (-2+p)
2
-€e

-1+p

Problem 165: Result more than twice size of optimal antiderivative.

Csch[a+bLlog[cx"]]
J dx

X

Optimal (type 3, 20leaves, 2 steps):
ArcTanh[Cosh[a +bLog[cx"]]]
bn

Result (type 3, 54 leaves):
Log[Cosh[§+ibLog[cx“]H Log[Sinh[§+ ibLog[c x"1]]

+

bn bn
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Test results for the 27 problems in "6.6.7 (d hyper)*m (a+b (c csch)*n)*p.m"

Problem 2: Result more than twice size of optimal antiderivative.
J(a+szch[c+dx]2)3dlx
Optimal (type 3, 74 leaves, 4 steps):

b (3a*-3ab+b?) Coth[c+dx] (3a-2b)b’>Coth[c+dx]® b3Coth[c+dx]®
d 3d 5d

a3 x-

Result (type 3, 266 leaves):
8 b3 Cosh[c +dx] (a+szch[c+dx]2)3Sinh[c+dx] 8 (15ab?Cosh[c+dx] -4b*Cosh[c+dx]) (a+szch[c+dx]2)3Sinh[c+dx]3

5d (—a+2b+aCosh[2 <c+dx)])3 15d (—a+2b+aCosh[2 (c+dx)”3

8 (45a%bCosh[c+dx] -30ab?Cosh[c+dx] +8b3Cosh[c+dx]) (a+szch[c+dx]2)3Sinh[c+dx]5

+

15d (—a+2b+aCosh[2 (c+dx)])3

8a (c+dx) (a+szch[c+dx12)3sinh[c+dx16

d(-a+2b+aCosh[2 (c+dx)])?

Problem 9: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(a+szch[c+dx]2)5/2dlx

Optimal (type 3, 174 leaves, 8 steps):

a®/2 ArcTanh | —c2tothledxl 1 /b (1522 -10ab + 3 b2) ArcTanh [ —-Cothlicrdx]
a-b+b Coth[c+d x]? a-b+b Coth[c+d x]?

d 8d

(7a-3b) bCoth[c+dx] \/a—b+bCoth[c+dx]2 bCoth[c+dx] (a-b+bCoth[c+dx]2)*?
8d ad

Result (type 3, 391 leaves):
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2 /b Cosh[c+d
~||(-4a®+15a%b-10ab?+3b*) ArcTanh| V2 /b Cosh[c+dx]

\/a+2baCos[2 (f*il (C+dx>)]

] (a+bCschlc+dx]2)>?Sinh[c+dx]® /

(ﬁ\/?d (—a+2b+aC05h[2 (C+dx>])5/2)

((aerCSCh[CerX]Z)S/Z (—— (3abCosh[c+dx] -b*Cosh[c+dx]) Cschc+dx]*-b*Coth[c+dx]Csch[c+dx]?
2

(d (-a+2b+acCosh|2 (c+dx)])2) +

Sinh[c+dx]?

/

Ar‘cTanh[ +/2 /b _Cosh[c+d x]
“a+2bs R V2 Log|V2 va Cosh[c+dx] ++/-a+2b+aCosh|2 (c+dx
4a® (a+bCschlc+dx]?)>? |- J-ar2bracoshi2 (crd )] . g [ ] \/ 2 ( )]

V2 b Va

Sinh[c+dx]® /(d (-a+2b+acCosh|2 (c+dx)”5/2)

Problem 12: Result more than twice size of optimal antiderivative.

\J\ + } + 2
dx

Optimal (type 3, 38leaves, 3 steps):

_+/a Cothlc+dx]
Ar‘cTanh[ a Coth[c+dx ]
a+bCschc+dx]?

Va d
Result (type 3, 97 leaves):

(\/—a+2b+aCosh[2 (c+dx)] Cschlc+dx] Log[+/2 V/a Cosh[c+dx] +\/7a+2b+aCosh[2 (c+dx)] ])/ (ﬁx/?d\/a+szch[c+dx]z
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Problem 20: Result more than twice size of optimal antiderivative.

J 1-Csch[x]? dx

Optimal (type 3, 26 leaves, 5 steps):

Coth[x] Coth [x]

ArcSin| | + ArcTanh|

]
V2 4/ 2 - Coth[x]?

Result (type 3, 65 leaves):

2 -2Csch[x]2 [ArcTan[Mm—] +Log[/2 Cosh[x] +v/~3+Cosh[2x] ||Sinh[x]
4/ -3+Cosh[2x]

\/ -3+ Cosh[2X]

Problem 21: Result more than twice size of optimal antiderivative.

1
J—d}x
1-Csch[x]?

Optimal (type 3, 16leaves, 3 steps):

ArcTanh [ w}

2 - Coth[x]?

Result (type 3, 45leaves):
-3+ Cosh[2x] Csch(x] Log[+/2 Cosh[x] ++/-3+Cosh[2x] |

2-2Csch[x]?

Problem 23: Result more than twice size of optimal antiderivative.

J -1+ Csch[x]? dx

Optimal (type 3, 33 leaves, 6 steps):

Coth[x] Coth[x]

—Ar‘cTan[ ] —Ar‘cTanh[

-2+ Coth[x]? -2+ Coth[x]?

]

Result (type 3, 68 leaves):
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A2 4/ -1+Csch[x]? [ArcTan[M] +Log[V/2 Cosh[x] ++/-3+Cosh[2x] || Sinh[x]

[ -3+Cosh[2x]

v/ -3 +Cosh[2X]
Problem 24: Result more than twice size of optimal antiderivative.

1
J dx
-1+Csch[x]?

Optimal (type 3, 14 leaves, 3 steps):
Coth[x] ]

ArcTan|

-2+ Coth[x]?

Result (type 3, 48 leaves):
/-3 +Cosh[2x] Csch[x] Log[+/2 Cosh[x] ++/-3+Cosh[2x] |

A2 A/ -1+Csch[x]?
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Summary of Integration Test Results

314 integration problems

A - 229 optimal antiderivatives

B - 41 more than twice size of optimal antiderivatives
C - 28 unnecessarily complex antiderivatives

D - 2 unable to integrate problems

E - 14 integration timeouts



